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ABSTRACT

From the coupled Maxwell-Dirac equations for two fermion fields ¥, ¢y we derive a
covariant 2-body equation for the composite ficid ®{xq, 7,) in configuration space which
includes radiative self energy effects. Both Coulomb gauge and covariant gauge have been
used and their equivalence is proved. For the space S' we solve the two-body equation
with mutual interactions exactly and obtain the mass spectrum in the case of massless
fermions.
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1 Iintroduction

Quantumelectrodynamics in one space and one time dimensions, known as the Schwinger
model" in the massless case which is exactly soluble, has been the subject of a large num-
ber of investigations. A list of references is given elsewhere?. QID in lower dimensions
is useful as a simpler model, for discussion of topological eflects, as well as in their own
right when such lower dimensions may be physically realizable under certain conditions.

In these series of work we shall address ourselves Lo another aspect of QED in lower
dimensions, in the present paper in 141 dimensions, namely the two (or many)-hody
problems. There is some discussion of many-hody problems in 14 -dimensions, however
under instantaneous phenomenoclogical (e.g. 8 function) potentials 9. We wish Lo use
the exact QED-potentials in one-dimension and study Lhe corresponding nonperturbative
two-body equation.

The method we use consists in starting from two fermon fields ¢ and ¥y coupled
by the usual electromagnetic minimal coupling.  We climinate the A,-feld, introduce
a composite field W{r,z;) and derive a 2-hody wave equation Tor this composite field
including the radiative corrections. This procedure has heen applied in 341-QED to
positroniunm and H-atom, aund the spectrum as well as raslintive corrections have been
obtained *.

2 Two-body equation in the Coulomb gauge
1. We consider the system of two spinorial matter fields o {a, f), v, (. 1) interacting via
the electromagnetic field A,(r,t). The Lagrangian of the systenn is
z [
L= 2[1‘["1“(26)“ — AL — ] — —I}'",“,.’"‘“' i (2.1

a=1

where (.u, v) = 0,1, 4% are Dirac matrices which in L+ I-dimensional space-time are 2 x 2:

o (01 a0 =1 501 0
7*(1 0)’“’ *(1 0 ) - *(u —1)'

We suppose thal space is a circle of length L, 0 < r < L, so space-time manifold is a
cylinder S* x R'. The ficlds 4, are 2-component Ditae spinors, and 4, = $74% The

-~

coupling constants e, and the masses m, Lave the dimensions of a reciprocal length, o,
the dimension of 1/¢/% and A, is dimensionless.

On the circle boundary conditions for the field must be specificd. We suppose the
foilowing ones

ALy = A0,
P (L. 1) = g (0,), &= 1,2 (2.2)

£y, k2 being arbitrary numbers. Morcover, we assume that Ag{0,t) = 0 (see jater).
The Lagrangian (2.1) is invariant with respect to the local gauge transformations

’Uf)h. — d,v:‘ - EX]){*E,‘A}'I,E"N .
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Ay — AL = A+ 0N (2.3}

i

where A{r, 1) is a gauge Tunction. It follews that the gauge transformations which respect
the boundary conditions (2.2) must be of the form

. B
MIY=A)+ =N NeZ, (2.4)
L]
with .
LA (2.5)

[2

(=

Ay being a non-zero integer, positive or negative, so that the total charge is e2(1 + AG).
Eq. {2.5) Iiplies the charge quantization condition for our system.

We see that the gauge transfornations under consideration are divided into topological
classes characterized by the integer A If A(L) = A(0) then the gauge transformation is
topologically Lrivial and helongs to the &7 = U class. 11 A7 £ 0 it is nontrivial and has
winding number A7

Given Eq. (2.4), the non-integrable phase

i
(4) = v.\p{_% /{ doe A (a1}

]

is a unique gauge-invariant quantity that can he constructed [rom the gauge field'*. By
a topologically trivial transformation we can make oAy independent of x,

Afe ty=0{1) .

i.e.obeying the Coulomh gange @4, = 0, then
"
I(A) = exp{ oo b0}

In contrast to I'{ A), the line integral

L
bit)y = !lfu ded (e )

is invariant only under the topologically trivial gange transfonmations. The gauge trans-
[ormations from the Al topological class shiftd Ly 27 AL By a non-trivial gauge trans-
formation of the form gy = cxp{i3Z4r], we van then bring b into the nterval [0, i—l]
The configurations b = ¢ and b = E—% are gauge-cquivalent, since they are connected by
the gauge transformation g, from the first topological class. the gange-field configuration

space is therefore a circle with length :2;} 4,
2. The action of our system is
o~ L
W= [ dt [ degiet) . (2.6)
- o

The electromagnetic field equations deduced from it are

9, = 0" (2.

(3=
-1

where we have introduced the total matter current

2
WA

x=]

from Eq. (2.7) we have
Hodt =0,
1.e. the total current is conserved.
The action of the electromagnetic field can be yeespresseil iy a partial integration,
using (2.7} and the boundary comditions (2,21, as (sce Appendis 2)

1 b I3 . - | i .
7/_@ dt [n de b B = E'“[; At A,

so the total action 1s
e i _é_‘
Wy, A :[ ”/ Lr AN NI I T
[tf ] ,.\_‘[ [ ‘ {%‘l ( ! !

]
- :H;J“ At {2.8)

If we solve Eq. (2.7}, express oA, In terms of % and msert e expression abtained
into the iq. (28], then we get an action wiitten onlv in ferins of the matter ficlds. To
perform actual calculations especiaily for radiative processes. it is innch simpler and more
direct 1o work with this action rather than with the equations of nistion for matter.

The equations (2.7} take the form

Elaty = S . {2.9)

ety = =Sy

where in Coulomb gauge )
Eo=dy = bt — A

oL

is the electric field. The overdot indicides the tine derivative, and ihe prime is the
derivation with respeet Lo r.

The first equation gives us the Ganss’ faw and the honndiry conditions for Bz, t):

L
QE/U dr e ) = B(L 4y B0 (2.10)

i.e. the electric field is single-valued only il the total electric charge is zero.
The equations (2.9) can be rewritten in the form

Al = =0, (i)

h=—20;, (b (2.11)

where (5 = fof‘ dzJ (x, ] is the axial charge.



Eq. (2.1ta} with the boundary conditions Aol + L1} = Ao{z,t) and Ag{0,t) =0 is
solved by

Aoz, 1) f dyD(z, 1| L)J°(y.1) |

where the Green’s function is
1 1
D(z,yil) = 5l wyi+ ~5y. (2.12}

e, Ag(x,1) is completely determined Ly J%x,t), while Eq. (2.11b) shows that the time
evolution of the global gauge-ficld degree of freedoni b is governed by the axial charge.
If we insert (2.12) into Fq. (2.8), we obtain the action in the Coulomb gauge as

ww,/x]:] ’fa/ drz:fs (7448, — )i

{ ] L ] i Uy ~ o
+§_/_0( fii/u rl.t/ dy e, D (e, vt E) (g )

77/ (trf de M r 00b(1) (2.13)

The last term represents the interaction of the matter currents with the globa! gauge-
field degree of freedom b, while the middle term is a sum of current-current interactions
containing both the mutual interaction terms, e.g.

e1‘32

dtf dx/ dyihy (o, Y Lo, Dz y| L)y, D7 ey, 6) + (1 = 2)

and the two sell interaction terms

"“deder 2 e, Dy [ By ) (g, ) 5 =12

3. We must now specify a varialional principle for the matter tields. We could vary
the action (2.13) with respect to individual fields 4, and ¢ separately. This results in
non-linear coupled Hartrec-type equations for these fields. Instead, we use a relativistic
configuration space formalism * to take into account tlie long-range quantum correlations,
We define a composite field @ by

Sl iz ) = (ke ) @ Polrq, 1) (2.14}

This is a 4-component spinor field. The configuration space (1,2} is a square of side
L0 <z <L, 0<zp < L), the opposite sides being identified in the way illustrated
in Fig. 1, so the configuration space is a torus. In Fig. 2, we show moves which de not
change, up to a phase, the field @ defined on the torus. The corresponding boundary
conditions are obtained from Eq. (2.2) as

@(L,t|0,t) = exp{i2wx,}®(o,¢[0,¢) ,

q’[U,t!L,t) = exP{i?'?rn?}(b(U!tlD)t) \
O{L, 2L, 1) = expliZr{n, + x3)} (0, t]0. 1)

il

We can rewrite our action (2.13) cutirely in terms of the composite field &. In order

to do this we multiply the kinetic energy terms with the normalization factors (whicl are
constants of the motion}

L
j; deyf{r i el =1t n=1lor2.

We have to do this twice on the sell-interaction terms. The resultant action in Lerms of
the composite field is

Wio, A] / d.!/ de, /‘rl.:'gq)(‘r,..'h'z..'){('”.nrr“]“‘ R
u

90 (PR = 1) + 0 DO A e ) . (2.15)
Here the spin natrices are written in the lorn of tensor products ¢, the first factor
always referring to the spin space of particle 1, the second 1o partivle 2.
The generalized (kinctic) momenta x,;,, are given by

Tl = P AT (2.16)
with
o
Vi = -’F anid
4?;;121(-" t) = \P(S;;f( )= :—l/ ﬂ'q/ deDLe, s (= g (3™ (2 ]y, j,
A(’;;{D(IJ) = P?;‘]f = _:/ duf dzDle, g L0 g, )" 20 Y21 (=. ty, 1)

[2).1

At ) = A e = —Ehm.

the self-potentials Lp::l]f being non-lincar integral expressions.

Let us note that the last tern in (2.15) can also be pat into the self-potentials ‘,a["”
one half for each particle; the total potentials then take the form:

e ) = Y
\,:";.:t}f(.i'..') — 2 (2.17)

!
Hosel!(r‘ﬁ)E;/ u’f d={eyD{e, 2 |L) + Dl gl 1))
Dz by {3 A"y t)

Now we require the aclion (2.15) to be stationary not with respecl to the variation of
the individual fields but with respecl to the total composite field only. This is a weaker

condition than before and leads to an equation for $(xt|z42) defined on the torus. This
two-body equation is

{(v* 1y —w) @+ 40 2 (" T2y — 22}
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+ e S Dl ) L0 e, 1) = 0 (2.18)
Let us introduce center of mass and relative coordinates according to
H=ray + 77 = 70y = "z -

Iy =M+ 0 0. =T —Xg.

The configuralion space {w_,r,} is again a torus, but with a circle length 2L(~L £
- < L, 0< 2, < 2L). The moves shown in fig. 2 induce the corresponding moves on
this torus (see Fig. 3}, The boundary conditions for the field ®(r. tjr, f} are

G(L L 1) = exp{i2re j {0, 2]0,2) .
Q=L HL, 1) = exple2rn; }d{a, 110, 8) ,
Q0. 2L, 114 = exp{r2nix; + x2)}2(0,¢]0,1) .

The function Dz, r2|L) can be rewritten as a sum of center of mass and relative

parts:
Dlay,r:|l) = Do(w | LY+ Dy(r L),
] i )
D (x_|L} = E|4_| - Eli + -
1 1
D+(l+l[ ) = 44'!—'.1_2'_ = —l.r+

both parts being asymmetric. The functions D_ and D, ave illustrated in Fig. 4.
Eq. {2.187), without the self-field terms, {or simplicity, becomes

{T*I, + w47+ (30 3 ") elr ., za L)~

—m I @~ myt @ IO, |y ) =0,

where we have introduced

M=y e +9°90v) (2.192)

and .
K4 = 3(7“@70—‘10@7”) . (2.19b)}

We see now that x° vanishes which means that the zero component of the relative
momentum my drops out of the equation automatically and we get

{I°10 — TUTY = w'7' 4 (30 @ ¥ )plaov 2y fL) -

—md @ = mA" & [z t]xy,t)) =10 {2.20)

Thus we have only one time variable conjugate to the center of mass energy Il, one
degree of freedom for the center of mass momentum II' and one degree of freedom for
the relative momentum I1', Since Il is the “Hamiltonian™ of the system, by multiplying
{2.20) by I';! we obtain the Hamiltonian form of the two-body equation

1
Mpd = {all' + E(a, —ay)r —p+my by - f+myl 310, (2.21)

where we have defined

—_—

a= (e tay) .o =70l aaz i =d=4"

Eq. (2.21) has the form of & generalized Divac couation, now a l-camponent wave equa-
tion,
An important property of the Hanoltonian obtained is that relative and center of mass
terms are additive:
U =H o+ H.o

T —— all' - (](.J'D+ .

1
o= ‘E(”‘ R T LR IR A RS SR {(2.22)

We shall coniinue our discussion of the properties of the two-bedy equation in the
Coulomb gauge in Sec. 4.

3 Two-body equation in the Lorentz gauge

1. Let us construct the two-hody equation in the Lorentz winnge @, 4% = 0. This provides
a covariant description for the two-body problem,
In the Lorentz gauge, the clectromagnetic field cquations (2.7} take the form

OA" = g+ (3.1)

The solution of (3.1) is

. . b : _
A“(r,t}:[ dt[ dyDir — gt — B 1)+ Ot (3.2)
-0 [

~ N . P a2 H
where D{x,t} is a fundamental solution of the operator O = i = 7,17 ~ ;—I-;:

0D, t) = 6(2)8({) (3.3)

]
Dir.t) = ;ﬂ(t =z,
while C*(x,t) is a solution of the corresponding homogeneous equation:
O (x,4) =90, (3.4)

We denote the Lorentz-gauge electromagnetic field by A% in order to distinguish it
from the Coulomb gauge one A

A general solution to Eq. (3.4} can be represented as a superposition of functions
depending only on (x — t) or (2 +t). The houndary couditions A#{0,1) = A"‘(L,t) and
Ap(0,t) = 0 fix C* in Eq. (3.2} in the formn

PO . R
C# = —6t [...‘“'fu dy D~y t = ). 1)

i.e. C'* 1s a constant.

it}



With Eq. {3.3), Eq. (3.2) then becomes
T4t~} N
] (cj Cdy (v, D)
r~{t-1)
| ! _orle=i) N
- —%‘f rfff _dyJ (g 1) . (3.5)
2 e T
The action is
- o f. 2
Wi, A] = [ ol / (].r'{z Py d, — .~
™ i r=l

1 : ,
- ;J“.-lu} . (3.6)
Il we insert (3.3) into the action and usc the composite field & defined by Eq. (2.14),

we abtain

. S [ L R
Wwie, A =/ ‘“/ ff-n/ dry @y ey, Of (170, — ma) @4°
- q [}

kS f102 L C o
47 e (R — )+ 5 (0L 29+ (00 )
x Oyt t) (3.7
The generalized {kinetic) momenta are now
if
rr(' = P + €. IFC,I“

with sell-potentials

su‘f o !

A =2,
jocts . S2
Ay = 50,

where . . . )
l"“(.r,f]zf (u‘f d:] A20(z 02, D80 @40 Dl=z2.t = )=
- o u

(7 RO — =t = O}z )2, 1)
G“(r,t)zf dt/ (L] dE0(z 1), D60 5 10 D=3t — )=

(@I Dl — 20— D (2, 03, 1)

Note that the mutuai interaction term in {3.7) can be rewritten as
e’ezf dtf dh/ dr,@{ertirn, ("G, ©4°) + (1 @ y*TL))
* Qe e, t)

°“"2f dtlf d.!;f d.llf da2 (1t 22, 12)(° © 7%)

X(ﬁ(l‘.] — &Ly t] -— tg) + D(.l'[ -— .l‘z'.iz - tl) -—_ b(“l‘g.i] -— fg)

—DPlz1y. 02 — (1))0(r 1| ra. £2)
where the field &(r,,#,|z2,12) is composed of the matter fields taken at dilferent tines:
Py, tfranfa) = ol Leglrg. )

Again, as in the Coulomb gauge, this terin can be put into the sell-potentials 1(1) . The
self-potentials then take the form

self 1 2,0 I . .
A (s 1(5: u‘*‘?(’u"5(‘1[,.+fz(',.)-
1
elf acl _ .
A??]p 4(1}{; +< [ = E(’ll w el (3.8)

The two-body equation is
{(“;":"r(”‘u — )i "J“ + "(“ [":”7‘-'(514. —iny) -

0, .
+ —-‘_ 2(‘;"‘(n',. S e NS Ll I R T T P I P S i (4.9
>

which looks like that in the Coulonmih gauge picture, the dillerence heing in the form of
self-potentials and mutual interaction.
2. The physical resulis are, of conrse, independent of Ui choice of gauge. Let us

show now that the Lorentz gauge and Coulomh gange pictures ave gange-equivalent, f.e.
related by a gauge transformation from the local gauge synnnetey group in the problen.
We transform the matter fields as follows

e ) 5 expi —."(_TA,\(,:'. ooty

The equation {(3.6) whicl is invariant under this transformation takes the form
Ww A 5 W(w A + 1] .
If we choose A in such a way thal
A, +d.0= A, (3.10)

where A, satisfies the Coulomb gange cowdition i1, = 00 A (o) = b(£), then we get

the action in the Conlomb gauge:
Wl A+ aA) = Wi 4]

From Eq. (3.10) we have

and
ML) = A0,0) = 0

that describes a topologically trivial gange transformation.

Let us perform the transformation (3.10) in the action (3.7) written in terms of the
composite field ®. For simplicity, we consider the case when Lhe mutual interaction term

9
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is put into the self-potentials, so that the latters are given by Eq. (3.87). The composite
field 1s transformed as

i
Olay, the ) S expl- Sle Man 1) 4+ Ao, )P (astlra, 1)
while the sell-potentials change as [ollows

45*1‘] 1sfi_f 1

1)1 {1 .'jauA - (3'11)

Substituting A from Eq. {3.10) imo Eq. (3.11). and using Eqs. (2.12) and (3.5), we get
that

" s ! ; l .
At S AR - Sl = A = - (3.12a)
and
4 st ! 1 sc P
Asel e = AlD = 500 — Aoy = o7 (3.12b)

Thus, under the gange transformation (3.10) the self-potentials in the Lorentz gauge are
transformed to the one in the Coulomb gauge. The Lorentz gauge action {3.7) is therefore
trausformed to the Coulomb gauge one given by Eq. (2.13).

To study the role of the global gauge-ficld degree of freedon: b it is more convenient to
work is the Coulomb gauge. Through the rest of the paper we shall use just the Coulomb
gauge description,

4 Analysis of two-body equation

4,1 Massless case

There are three types of interactions which d1st1ngu19h the action (2.15) from the free
one: 1) interaction described by the self-potentials "’(m , i) interaction between the matter
fields and global gauge-field degree of frecdom b(t} and iii} the Coulomb interaction with
potential ». All these interactions influence the spectrum. The first and second ones are
responsible for radiative processes. We start first witl the action and corresponding two
body equation without the self-feld putentialy ;0 ,f These potentials will be COI‘JSld(I‘E‘d
in the next section.

Let us find the eigenfunctions and the spectrum of the first-quantized Hamiltonian
(2.22). The equation for the eigenfunctions is

(anl (ﬂ] i G?)ﬂ' +mnd A+ s = (E+ ‘P}‘b : (4.1
where 5 |
o B 1
1 "d.zr+ l(tl +ea)b
0 1
7l = sz - 5la —ez)b
10

"‘m'vlm o e R R AR e e

Here we treat b(1) as an external time-dependent field and postpone its consideration as
a self-potential also to the next section.
If we denote the components of the composite liekl & ax

=, =,

=, b=y

(see Fig. 5), thea for the zeto masses ey = rip = 0 Fago (1) reduces to the system of
four equations:

. 1
=+ )+ Slop + el =0

oy
35 i | ‘
“or, N F et E) = sl + )b =10 (1.2a)
2Ty, by 4 L 0
Moy ‘ +§l‘l"'m)(f|—r.~]\3,.. .
g 0 o
—1—(').1'_ vt e+ ) — E{f' — )b =0 (4.21n)
The presence of the glohal gauge-fickl degree of frecdom shows itself in all four equa-
tions. For e; = —¢;, b drops out of the first pair of the cquations. and for ¢; = ¢, of the

second one.
In the absence of the Coulonds interaction {( = 010 we see from these equations Lhat,

wl=Fo—a =) = il g0,

vel = =) = il gL

i.e. the negative encrgy solutions of y; and vz coincide correspomlingly with the positive
energy solutions of x4 and y3 of epposite charges. Therefore we may consider either
positive and negative encrgy solutions of y; and vz or only positive cnergy solutions of
all four equations as physical particles.

This interpretation of the pegative cuergy solutions has to he slightly modified in the
presence of the Coulomb interaction. [n this case we have

Vil = =) = leegaead (4.3)

vl e —al =l an e
Again only half of all solutions correspond to physical particics,
With the boundary and normalization conditions, namely (v = T.1)

vl L1L) = explizrai )y t0.0)

V= L) = explizant?},00.0) |
w(0.20) = expla2r(x + 553 (0.0

2 2L
j_Ld:r,_/u deovilr e v les]e ) =1

11

and



(no sumination over 7, Feas. (1.2) ave casily solved by eigenfunctions

. 1 ] [ l
Ui = ﬁ“-"l){—%"l‘ ilroeg) = i}-(b]_n + 5(61 + e )by — —)}
. ] T 1 L
Vo = g7 expl bl ) = 5B+ 5l - bl +5)) ()
and the eigenvalues | ) .
. 2r ‘
Ly, = TS el T E(fl +e23b .
ol
K== }tlfz] + T ”—*(flffz)f nel (1.5)
whaere
[ I by lL3
!l(-r—~-r+)3;-"+D+(‘1'+IM+(-"+—EJ |L j(i+"§ ).

1 1
Lle_.ry) = EJ‘-D,(.LIM + e Dy (e L) + m(r + = LJ} .

The eigenfunctions yj , and 13, are oblained from Fq. {4.4) by making use of the relation
(4.3), the corresponding spectrums belug

rvLH-u

1 2T 1
]"'T:.n = (“f-’.'{ + — 1 ”'+ (61 _62)&5

> { )[
el l t €1 €z )0

'The superscript “c” indicates that the vigvnl’unchous \{, aud the eigenvalues £, repre-
sent the solution of our lwo-body problem in the preseuce of Coulomb interaction, but
without the self-field potentials.

F—
[’i‘n -

Eqs. {(4.2) fix also the phases i Rl as follows
() A1 i €162
T
NE IR R A
P\llll—f\z"fi_i‘- 52
P NN PR L L
= 2 Fn
(@) w8
L = TR T 27 Fur ;

so that the boundary conditions for \i,, and 13, for instance, are
x;.n(L‘LJ = (“J)"f"i"mn (0 9.
Aial—1, L) = (= 1)ty < (0.0},

Vi d0.20) = \?,“(0‘0) .

and
V(Lo L) = (=1 ey (0,0),

12

Vanl— Lol = (= 1) e gy, (0.0] .

\Gal0.20) = TG (0.0)

where ko = 2212,
We see that the spectruma 125 depend on the global gange lield degree of froedom b,
As b increases from 0 to ;— then for A% > 1 say, the energios of £

1.n

and Y decrease

by L(N(, +1) and £{/ Ao — 1) and the encrgies of £ noand I Dinerease by £l Ay—1) and
TN+ 1) correspondmg]y Some of energy levels (hanb( sign. however, all Lho spectrums
at the configurations b = 0 and = Ei"T must be the same, namely . the integers, since

thee gauge-field configurations are gauge cquivalent. this means that Ay nust be an odd
integer. The precise form of the charge quantization condition is then
t) . .
— = wdd integer . (4.6)
(29
We see also that the Coulumb interaction shifis the disceete encigy spectrums by a
constant value. this value is different for &, awd £, o the diflerence heing equal to
11—261(:'215‘ on & Interms of O, the normalization conditions for ' {o_ L tley, t) become

2Ly =1

4.2 Discussion

The main results in this fiest part of a study of the two-Lody problems in spinor quantum
electrodynamics on the circle are a quantization of the ratio of the charges, ¢;/¢; = odd
integer, the derivation of a two-hody confignration space wave equation including the
non-linear and nonlocal radiative sell-energy effects, the solutions of the equations for
mutual interactions. The spectrum is discrete and exlibits shifts due to spin-erbit and
spin-spin interactions.
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Appendix 1 Appendix 2
Maxwell’s equations in 1+ 1-dimensions Surface Terms
The only nonvanishing field component is F¥ = % - %’%! have B = 0. From We have by partial integration
V. E=p=J% we have
or Ufgop g — L [ypn o
=g, (1) —— fdrF Y = == [ drA
[7xs 4 2

hence the Gauss's law takes the form

1 g oy
=79 /d-Tlg(AuFW) = AT+ 5 /‘n'.i'xl[,.f“ + surface term

Lak Lo .
j(; Az ](‘J Sldr = Q= E(L) ~ £40) (2) Thus the surface term in the action is
In particular the electric field on S' must have a jump if @ # 0. _l/ dr{A ™), = Vlf (A, BT
Faraday's law V£ = - LZE vields 7l 2t
2 20 There are 4 boundary surfaces bounded by ¢+ = ¢ and # = £, amd r = r) and » = 13
LY = J10) = ~1 5 (R = E(0)) = =52 (3) y=y andy =g and s = 2 and o
! In 141 dimensions we have
so thal for = const.. J{z) is conlinuous. | | |
. L . . e ‘ . o .
The current conservation law - + 52 = 0. also yields (3). -5 f do (A ) = _;/ Adr{ AVEY 4 ;/ AAC Y
The Lorentz gauge condition %‘*‘ L‘q} = [ together with (1) implies the wave equations " £n s

PA oA A PA

art  Ndr  oxt on

and :
ar  #FaAr A Fal Al

M gt ot T gxr on

The Lienard-Wiechot potential for a point charge is

=—J

Az, t) = efd:;;'r,(s)D{r — r(s)) = %]dsiy(s}ﬂ(.r" —~2%s) —jr —z(s)]), i=0,1.

14 )
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Figure Captions

Fig.1 The coordinate space (0 <y << L. 0 € wy < L) 35 a square of side L (IFig. 1{a))
The points (1.2 = 0) and (ryory = L) Tor all oy oas well as the points (&) = 0,
ry) aud (g = L, a) for all wp are ddentifiecd. These points are connected by the
dashed and waved lines correspondingly. So the square is topologically equivalent
o atorus ST x 81 hoth circles being of the same length L Fig. ()},

Fig.2 The moves which do not change a physical state of our systens Move (1) move
particle I anticlockwise ("vd\ Faround the first cirele Tram the point A{e; = 0, 0, = 0}
to the point (&) = L, 22 = 0}, Move (2): move particle 2 anticlockwise arowml

another circle from A to t‘h(' point (o = 00y = Ly Move (3 Move (1) + Move

(2).

Pig. 3 The moves whicl are induced on the torus (- L < 5w 1.0 5y < 2L) by the
moves shown in Fig. 20 The wove o Ao = oy~ 0] 1o the poim (oo = L,
rpo= L) (Fig. 3(a)) correspouds to the nave (11 in g 20 e move Trons the same
point A to {w_ = Loy = L) (Figo 30 cortesponds 1o the move (2] and the
move to the point (ro= 000y = 200 (Fig. 3l to the move (3],

Fig.4 The relative T_(w_| L} and conter of mass D Leg Ly parts ol the Tunction Dy, #4] L)
(Figs, A{a) and 1 (b} correspondingly) D_(- ":|;‘,} - ‘p”%“,) — Ly

[IEi
Fig.:’) A schematic represeintation of the i\\'u—h(ui}-’ system states descrihed 1)_\' v = T T)
The first and =eeond components of the two-cotpotend s lelds @, are vepresented
by T and | correspondingly.
o 1)y, ()
ta =0 = ey
! 2
UNCE

7 i [4) . {1
C \3:‘!)2]::"‘;{ )u!g)!

ye = 2 = D
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