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ABSTRACT

From the coupled Maxwell-Dirac equations for two ferniion fields </>,, 02
 w e derive a

covariant 2-body equation for the composite fitlu <b(xui2) in configuration space which
includes radiative self energy effects. Both Coulomb gauge and covariant gauge have been
used and their equivalence is proved. For the space 5 l we solve the two-body equation
with mutual interactions exactly and obtain the mass spectrum in the case of massless
fermions.
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1 introduction

Quantumelectrodynamics in one space and one time dimensions, known as the Sebwinger
model1' in the massless case which is exactly sohible, has been tlie subject of a large num-
ber of investigations. A list of references is given elsewhere2'"1'. QK1) in lower dimensions
is useful as a simpler model, for discussion of topological effects, as well as in their own
right when such lower dimensions may be physically realizable under certain conditions.

In these series of work we shall address ourselves to another aspect of QK!) in lower
d imens ions , in t h e present paper in 1 + 1 d imens ions , namely the I wo (or inany ) -body

problems. There is some discussion of many-body problems in 1 + I-dimensions, however
under instantaneous phenomenological (e.g. b fund ion) potentials ' '. We wish to use
the exact QED-potentials in one-dimension and study the corresponding nonperturbative
two-body equation.

The method we use consists in starting from two fenuion fields <,"i and v^ couplet!
by the usual electromagnetic minimal coupling. We eliminate the Alt-field, introduce
a composite field ^ f x ^ i j ) and derive a. 'J-body wave equation for Ibis composite field
including the radiative corrections. This procedure has been applied in ,'J+1-QE1) to
positronium and 11-atom, and the spectrum «s well as radiative curreclions have been
obtained s\

2 Two-body equation in the Coulomb gauge
1. We consider t h e sys tem of two spinorial m a t t e r (ields Vi ( . ( , / ) , t,'j(.r.<) in terac t ing via

t h e e l ec t romagne t i c field AM{.r,'t). T h e bag iang iau of the sys tem is

C = -!,..• I (2.1)

w h e r e ( / i , v ) = 0 , 1 , 7 " a r e D i r a c m a t r i c e s w h i c h in I + I - d i m e n s i o n a l s p a c e - t i m e a r e 2 x 2 :

I (1
7

1 0 1 0
75 = 7 V = 0 -1

We suppose that space is a circle of length L, 0 < x < /., so space-time manifold is a
cylinder 5 ' x /{'. The fields y\ are ^-component l)ira< spinors, and \-\ = V^7°- The
coupling constants eK and the masses >>U have the dimensions of a reciprocal length. 4'n
the dimension of 1/f1'2 and A^ is dimensionless.

On the circle boundary conditions for the field must be specified. We suppose the
following ones

= 1,2 (2.2)

K[, K2 being arbitrary numbers. Moreover, we assume that 4o(0,() = 0 (see iatev).
The Lagrangian (2.1) is invariant with respect to the local gauge transformations
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,!,_ _ ..!-_ = . ^ + cl\ , (2.3)

where A!>,0 is a gauge function. It. follows that the gauge transformations which respect

the boundary conditions (2.2) must be of the form

A ( / . ) = A ( U ) + — A ' . A ' e Z ,

with

(2,1)

(2.5)

A'u being a non-zero integer, positive or negative, HI thrtt llie total charge is L2(\ + A'O).
Eq. (2.5) implies the charge quantization condition for our system.

We see that the gauge transfoi mat ions under consideration are divided into topological
classes characterized by the integer A'. If A(A) = A(0) then the gauge transformation is
topologically trivial and he-longs to the A = (I class. If A 4- (I it is nontrivial and has
winding number M•

Given Eq. (12.4), the iion-inlegi able phase

Y(A) = c . \ p l — ^ f i j - . - l , ( ,c / ] j

is a unique gauge- invariant quantity that can be constructed from the fiauge field1'". By
a topologically trivial transformation we can make .1, independent of x,

. • l , ( . r , 0 = !>(!) •

i.e.obeying the Coulomb gauge f)iAi = 0, then

In contrast to V(A), the line integral

4(0= j [' (UAA-rJ)

is invariant only under the topologically trivia! gauge transformations. The gauge trans-
formations from the A'th topological class shift h by ^ j A . ISy a non-trivial gauge trans-
formation of the form g.v = s'xp{;^A ,f), we can then bring b into the interval [ 0 , ^ ] -
The configurations b — 0 and b = —j are gHuge-e<juivatent, since they are connected by
the gauge transformation j / , from the first topological class, the gauge-field configuration
space is therefore a circle with length ~j 2].

2. The action of our system is

r
J-o

The electromagnetic field equations deduced from it. are

(2.6)

(2.7)

where we have introduced the total matter current

from Eq. (2.7) we have

ii,J" = U ,

i.e. the lolal current is conserved.
The action of the electromagnet ic field can be ree\pressed In a partial integrfitioii,

using (2.7) and the boundary conditions (2.2). as (see Appendix 2)

- f" dt f ' ,U /-;,,/•'"" = -'I! [ ,h-J"At, .
•1 J - M ./,, ' 2 ,'u

so t h e t o t a l ac t ion is

"•V,.-ll =
I. i

(2.S)

If we solve K<|. (2 .7 ) , e x p r e s s A,, in t e r m s of ./" a n d inserl I lie eNpr(»sjon o b t a i n e d
i n t o t h e ICq. (2 .8 ) , t h e n we get an ac t ion w r i t t e n only in l e n n s ol I he m a t t e r fields. To
p e r f o r m a c t u a l c a l c u l a t i o n s especia l ly for r a d i a t i v e p rocesses , il is much s imp le r a n d m o r e
d i r ec t to work wi th t h i s ac t ion r a l h e r t h a n wi th t h e equal ions of mot ion for m a t t e r .

T h e e q u a t i o n s (2 .7) l a k e t h e form

/•;'(.:•. 0 = ./

/ • • ( . . • , 0 = - . / ' ( . r . O •

(2.9)

where in Coulomb gauge
E= / - ; „ = j , { t ) - A'J.r.1)

i s t h e e l e c t r i c , f i e l d . T h e o v e r d o t i n d i c a l e s t h e t i m e d e r i v a t i v e , , m d t h e p r i m e i s t h e
d e r i v a t i o n w i t h r e s p e c t Ui ,/-.

l ' h e first, e q u a t i o n g i v e s u s t h e ( i a u s s ' | ;uv a n d I lie h i m i i d i n v e o i i d i l i o n . s for E(x^t):

Q = / " dr.)"(.rj) = E(i.t) E({).l) (2.10)

i.e. the electric field is single-valued only if the total electric charge is zero.
The equations (2.9) can be rewritten in the form

Al = -./" , (a)

where Qs = /0
J dxJ1(x. t) is the axial charge.

(2.11)



Eq. (2 .11a) with the b o u n d a r y condi t ions A0{x + L,t) - A0(x,t) and A0(OJ) = 0 is

solved by

Aa(xJ) = - fL dyV(x,l\L)J°(y,t) ,
Jo

where the Green's function is

V[x,y\L) = -\x -y\+ -~ ~ oy (2.12)

i.e. Aa(x,t) is completely determined by ./°(.r,(): vvliile Eq. (2.11b) shows that the time
evolution of the global gauge-field degree of freedom h is governed by the axial charge.

If we insert (2.12) into Eq. (2.8), we obtain the action in the Coulomb gauge as

, A] = dl

- ^ dt f'dx (''dyJuUJ)V(x,y\L)J°{yJ)
2 i-oi ,/u Jo

- - r dt f d,v.!\?sl)b(t) .
2 1- x. Ju

(2.13)

The last term represents the interaction of the matter currents with the global gauge-
field degree of freedom b, while the middle term is a sum of current-current interactions
containing both the mutual interaction terms, e.g.

p p roc rls rij
- ^ / dt dx

2 J-oo Jo Jo

and the two self interaction terms

+ (I - 2)

i = 1,2

3. We must now specify a varialional principle for the matter fields. We could vary
the action (2.13) with respect to individual fields i/'i and i/'2 separately. This results in
non-linear coupled Hactree-type equations for these fields. Instead, we use a relativistic
configuration space formalism 5' to take into account the long-range quantum correlations.
We define a composi'e field • by

This is a 4-component spinor field. The configuration space (x\, X2] is a square of side
L (0 < £1 < L, 0 < X2 < L), the opposite sides being identified in the way illustrated
in Fig. 1, so the configuration space is a torus. In Fig. 2, we show moves which do not
change, up to a phase, the field $ defined on the torus. The corresponding boundary
conditions are obtained from Eq. (2,2) as

9(L,t\L,t) =

We can rewrite our action (2.13) entirely in terms of the composite field <J>. In order
to do this we multiply the kinetic energy tenns with the normalization factors (which arc
constants of the motion)

I d x i < + { x , t ) t « { x A ) = 1 . K ~ \ o r 2 .
JO

We have to do this twice on t h e self-interaction te rms . T h e resullant, ac t ion in t e rms of
t h e c o m p o s i t e field is

, / | r J , 0 . (2.15)

Here t h e sj)in mat r ices a re wri t ten in the form of Imsoi p io i iu r l s c:, t he first factor

always referring to t in ' spin space of par t ic le I, the second lo part icle 2.

T h e general ized (kinet ic) m o m e n t a ff(,|,, an -g iven by

with

(2.16)

' • • • " I

the self-potentials ••p"^ being nonlinear integral expressions.

Let us note that the last term in (2.15) can also be put into the self-potentials
one half for each particle; the total potentials then take the form:

(2.17)

= i f'd f''(h{^
Z Jo Jo

Now we require the action (2.15) to be stationary not with respect to the variation of
the individual fields but with respect to the total composite field only. This is a weaker
condition than before and leads lo an equation for $(^
two-body equation is

) 0 7° + 7°

defined on the torus. This



,<|i2,O = 0 . (2.18)

Let us introduce center of H I M ami relative coordinates according to

I I = 7 T ( | ) + " ( . . ) . IT = T T , , , - J T ( 2 ) ,

J + -= JT| + .r-j,J"_ = T] — I j .

The configuration space (ar_,j'+) is again a torus, hut with a circle length 2L{ — L <
x . < L, 0 < J + < 2L). The moves shown in fig. '2 induce the corresponding moves on
this torus (see Fig. 3). The boundary conditions for the field <t>(x, <|J+, t) are

i>(-L,t\LJ) = exp{i2jrK2}*(o,tj0,t) ,

*(0.(|2Z,,f)A =fixp{(2ff(«, + «2 ) }*(0, t |0,0 .

The function T>(xi,x2\I.) can be rewritten as a sum of tenter of mass and relative
parts:

s_+

both parts being asymmetric. The functions P_ and ©+ are illustrated in Fig. 4.
Eq. (2.187), without the self-field terms, for simplicity, becomes

© 7° - mjl" 8 / }*(* , i|s+, 0 = 0 ,

where we have introduced

and

r" = ̂  (7" ©7°+ 7° ©7")

" = ]-(^ « 7° - 7° ® 7") •

(2.19a)

(2.19b)

We see now that K° vanishes which means that the zero component of the relat.ve
momentum TTQ drops out of the equation automatically and we get

{r°n° _ r 'n1 - * ' * ' + (7D ® 7 ° ) ^ . , i + | i ) -

- mil ©7° - mil° © = 0 • (2.20)

Thus we have only one time variable conjugate to the center of mass energy IIo, one
degree of freedom for the center of mass momentum FI1 and one degree of freedom for
the relative momentum IT. Since n0 is the "Hamiltonian" of the system, by multiplying
(2.20) by fg' we obtain the Hamiltonian form of the two-body equation

- (Q, - m2l • (2.21)

where we have defined

a - 9 ( o i +ai) • Q i = 1' G I. "2 = / :.-• 7 s , ii\ ~ :h = 7° .

Eq. (2.21) has the form of a generalized Dnac equation, now ;i -I-component wave equa-
tion.

An important property of the llaiuiltoniati obtained is UIHI relat ive and center of mass
terms are additive:

li(1 = //, ,„ 4- //,,,

/ / , , „ . s o i l 1 - ( , < • , £ > + .

1 '
r<!< — .^ L i I 1 2 ' I I . • , I" 2 : 2

W e shall con t inue our discussion of tin- p roper t ies of I he two body equa t ion in t h e
Coulomb gauge in Six:. •!.

3 Two-body equation in the Lorentz gauge

', \ziiup- 0,,A" = 0. Th i s provides1. Let us cons t ruc t t he two-body equat ion in Llie l . u i ruU

a covar iant descr ip t ion for the two-body problem.

In t h e Lorentz gauge , t h e elci t romagne l i c held equat ion* (2.7) Like the form

• • 1 " = ./" (3.1)

T h e solut ion of (3.1) is

AM(x,t)= fit dijD{j- - y,t- l)-l"(ij.l) + C"{.i\t) , (3.2)

where T>(x, t) is a fundamental solution of the operator • = 0h<)'' = -§JJ ~ -g^s-

(3.3)

V(x.t) = -0{t-\x\),

while C"(i, 0 is a solution of the corresponding homogeneous equation:

OC"1(a-,f) = 0 . (3.4)

We denote the Lorentz-gauge electromagnetic field by A" in order to distinguish it
from the Coulomb gauge one A".

A general solution to Eq. (3,4) can be represented as a superposition of functions
depending only on (x - t) or (x + ()• The boundary conditions A"(Q,t) — Ah(Lj) and
Ao(0, () = 0 fix C in Eq. (3.2) in the form

= - < 5 o i [''dyT>(-y.t- i)J"(y,i) ..

i.e. C is a constant.



With Kq. {:)..')), Kq. (3.2) then becomes

- _ 1 !' • f'+d-tl

"2 7_x. Jr-(t-()

ft'-')
it I

J-U-l)

The action is

- 7,1" K\ • <a-6)

If we insert (3.r>) into the action and use the composite field <J> defined by Eq. (2.14),

we obtain

W\Q,A] = P dt (L dx, / ' ' f ' .r-J*(.r1.fk i,0{(7"'*-(J),,. ~ ™i) ©7°
J - ^ Jd Ju

The1 generalized (kinetic) nionifiita arc now

- v ' r

(3.7)

with self-potentials

where
!"• - f1' ! l

T"{xJ) = / dl. dz I r!z<b(;,l.
7-cx, 7ci Ju

G " ( J - , 0 = f" di (L'dz f''di<!>(:,i\~J){t>Z(->a<±n
a)T>(-iJ-i)-

J-ro JO JO

Note that the mutual interaction term in (3.7) can be rewritten as

^ r r [L

1

r dt r dx, [L di-
J-aa JO JO

= ~ r î r ̂  tdxi /i
I J-oo J-O5 JO JO

where the field 4>(o'i,ii|i2^j) is composed of the matter fields taken Hi different times:

Again, as in the Coulomb gauge, this ten 11 can be put into the sc-lf-potentials A",'^. The
self-potentials then lake the form

The two-body equation is

" + 7 " •:

(-o. 'k. .O - 0 . (3.D)

which looks like tha t in tin- ( 'oulonili gauge piclure, tin- (iiNcrciicr lieing in the form of

self-potentials and mutua l interact ion.

2. T h e physical results are, of course, iridepeudenl u\ l.he choice of gauge. Let us

show now tha t the Lorcntz gauge and Coulomb gauge pictures ;nc gauge-equivalent , i.e.

related by a gauge t ransformation from the local gau^i1 syuniu-tiv j ; n m p in t h e problem.

We transform the m a t t e r fields as follows

T h e equat ion (3.6) which is invariant under this UHIISIIII-million lakes the form

If we choose A in such a way t h a i

A,, + i),,\ = A,,

where /1W satisfies the Coulomb gauge condilion r/.-l
the action in the Coulomb gauge:

(3.10)

= i). A,(.r.l) - b(i), t h e n w e g e t

V[f. .4

From Eq. (3.10) we have

and

that describes a topologically trivial gauge transformation.
Let us perform the transformation (-J.I0) in the action (3.7) written in terms of the

composite field # . For simplicity, we consider the case when the mutual interaction term



is put into the self-potentials, so that the Utters are given by Eq. (3.87). The composite

field is transformed as

hile the self-potentials change as lollows

(3.11)

S u b s t i t u t i n g A f r o m F q . ( 3 . 1 0 ) i n t o K<j. ( 3 . 1 1 ) . a n d u s i n g E q s . ( 2 . 1 2 ) a n d ( 3 . 5 ) , w e g e t

that

I
(3.12a)

Thus, under the gauge transformation (3.10) the self-potentials in the Lorentz gauge are
transformed to the one in the Coulomb gauge. The Lorentz gauge action (3.7) is therefore
transformed to the Coulomb gauge one given by Eq. (2.15).

To study the role of the global gauge-field degree of freedom h it is more convenient to
work is the Coulomb gauge. Through the rest of tile paper we shall use just the Coulomb
gauge description.

4 Analysis of two-body equation

4.1 Massless case
There are three types of interactions which distinguish the action (2.15) from the free
one: i) interaction described by the self-potentials v " ) > '') interaction between the matter
fields and global gauge-field degree of freedom b(t) and iii) the Coulomb interaction with
potential ^>. All these interactions influence the spectrum. The first and second ones are
responsible for radiative processes. We start first with the action and corresponding two-
body equation without the self-field potentials v " / These potentials will be considered
in the next section.

Let us find the eigenfunctions and the spectrum of the first-quantized Hamiltoniau

(2.22). The equation for the eigenfunctions is

= (E (4.1)

where

11' = 2 i -

10

Here we treat b(t) as an external time-dependent field and postpone its consideration as
a self-potential also to the next section.

If we denote the components of the composite field <J> as

(see Fig. 5), then for tin.1 zero masses
four equations;

— II K<|. (I .I) reduces lo the system of

O.r _ x - W

('1.2a)

(4.2b

T h e presence of the global gauge-field degree of freedom sliows itself in all four equa-

t ions . For ei = — E^, b d rops out of the first pair of the c<nul 1011s. find for Ci ~ f ^ of the

second one.

In t h e absence of the Cou lomb interact ion ( ^ — [)]. ivc s i r fn<ni these e q u a t i o n s thai.

\ l ( - / ' - ' . - < i - -< i ) - \ j ( ' • - ' - ' I - ' J ) •

i.e. the negative energy solutions of \ i ami \a coincide correspondingly with the positive
energy solutions of \4 and \3 of opposite charges. Therefore we may consider either
positive and negative energy solutions i>l \ i and \ j or only positive energy solutions of
all four equations as physical particles.

This interpretation of the negative energy solutions has lo be slightly modified in the
presence of the Coulomb interaction. In this case we have

x ; ( / • ; , - , , . - , , ) = \ , ( f . c , . r , ) . ( 4 . 3 )

\ ' i ( l ' ' . -< i - - < i) - \ A !•'••< i . ' i) •

Again only half of all solutions correspond lo physical particles.
With the boundary and normalization conditions, namely (< = 1.1)

Xi(/, |A) = exp{)-2™(,''}\,((),<)) ,

and
/ ' dx_ I' ( / r+ \ ; ( . r_ | . r+) \ , ( . r_ | . r +) = 1

J-L Ja

11



(no summat ion over i), Kqs. (1.2) arc easily solved by eigenfunctioiis

and the eigenvalue*

/ • • ; „ = - — < + jn - -(ei + r2)b

(4.4)

(4.5)

wJiore

The eigetlfunctions \I
3n and \c

in are obtained from Eq. (4.4) by making use of the relation

(4.3), the corresponding .spectrums being

I 2w 1

The superscript "V" indicates that the I'lgrnfiiuctious \f_n and the eigenvalues ££„ repre-

sent the solution of our two-body |>rol>leni in the presence of Coulomb interaction, but

without the self-field potentials.

Eqs. (4.2) fix also the phases K1,'1, J.-J,'1 as follows

" " ' • • • - " • ' • » - 2 n * '

• 2 'i'lir

* i . » - - * • * . " - 9 + 32JT '

so that the boundary conditions for \\n and \ | „, for instance, are

\',,,(0,:>/.)= \\J0M ,

and

12

where KO='^L2.

We see that the spectrums E-n drpend on the global gfiu^'1 licl'l di'gree of fiecilom b.

As b increases from 0 to ^ j , then for A'li > 1 say, the energies of /-,'j ' r i a.nd F/in decrease

by jfA'o + 1) and j^(Ma — 1) and the energies of /-,'.'j n and il';tu increase by -j;(A'u - 1) and

J ( A / Q + 1) correspondingly. Some of energy levels change sign, however, all the spec t rums

at t h e configurations b = 0 and h — ~ must be t he siiine, namely . Hit1 integers, since

thce gauge-field configurations are gauge e<|iiivalen1. this means tli.it A'u must be an odd

integer. The precise form ot the charge <|iianl.Nation coudiliim is Mien

— = oild integer . (4.0)

W e s e e a l s o t h a t I l i e ( ' o u l t i n i l l i n t e r a c t i o n s h i l l s t h e d i s c r e t e m r r g v s p e c t r u m s b y a

c o n s t a n t v a l u e , t h i s v a l u e i s d i f f e r e n t f u r E\ H a n d E', n. t h e i l i f l e i v n c e b e i n g e q u a l t o

Y j C j f j i , . o n b . I n t e r m s o f ( " , > [ - t h e i i o i i n a l i z a t i o n ( o n i l i l i u i t . ^ l o r \ \ ( . r _ , t \ . r + . I) b e c o m e

4.2 Discussion
T h e m a i n r e s u l t s in t h i s first p a r t of a s t u d y ol t h e t w o - b o d y p io l i l e i i i s in s p i n o r q u a n t u m

e l e c t r o d y n a m i c s o n t h e c i r c l e a r e a q t w i i ! i z a t i o i i of t l i e r a t i o of t h e c h a r g e s , f ^ / c i = o d d

i n t e g e r , t h e d e r i v a t i o n of a t w o - b o d y c o n f i g u r a t i o n s p a c e w a v e e q u a t i o n i n c l u d i n g t h e

n o n - l i n e a r a n d n o n l o c a l r a d i a t i v e s e l l - e n e r g y e l f ec t s , t h e s o l u t i o n s of t h e e q u a t i o n s for

m u t u a l i n t e r a c t i o n s . T h e s p e c t r u m is d i s c r e t e a n d e x h i b i t s sh i f t s d u e t o s p i n - o r b i t a n d

s p i n - s p i n i n t e r a c t i o n s .



Appendix 1

Maxwell's equations in 1 + 1-dimensions

The only nonvanishing field component is F°J = 2 d — | i ^ have B = 0. From
V • E- p = Ja we liave

hence the Gauss's law takes the form

'Hif ' f'd.r = Q = E(I) - £(0)

In particular the electric field on S'1 must have a jump if Q / 0.
Faraday's law V A E = - i f f yields

. / (L ) - .7(0) = -

(2)

(3)

so that for Q = const.. J(-t') is continuous.
The current conservation law ~ - + ^j = 0. also yields (:i).

The Lorentz gauge condition ^ - + ^~ ~ 0 together with (f) implies the wave equations

<PAU ()A' i)2Al> o>M° ,n

(ha dldx

and
a'A1 d'2A

ihdi
= -../

The Lienard-Wiecliot potential for a point charge is

Ai(x,t) = e J dsx,(.i)D{x - *W) = '- j d»i;(s)0{jc" - x°(3) - \x - x(s)\) , i'• = 0 , 1 .

14
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Appendix 2

Surface Terms

We have by partial integration

Thus the surface term in the action is

surface term

There are 4 boundary surfaces bounded by ' — If find I — I •. and ,r — .t'| and .r
y = yi and y = 1/2 and : = c, and c2

In 1 + 1 dimensions we have

- ~ / f K ( ^ U !•'"") = - - f' (LHA'K) + - I" <II[A"E) .
1 Js 2 Jt: J. Jj-i
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Figure Captions

Fig.l The coordinate sparo (0 < Ji < /,, 0 < .v2 < /.) is a square of side L (l'ifi. l(rt)).
T h e . p o i n t s ( J ' I , J * 2 = 0 ) H I U I ( . J | . . i 2 - I . ) f o r a l l . r , a s w e l l a s i l i c p o i n t s ( i \ = 0 ,

1 2 ) a " d ( ^ 1 = ' ' , - r - i ) f o r a l ! ; r 2 a n - i d e n t i f i e d . T l i o e p o i n t s , H T i i M H i e e t c d b y t h e

d a s h e d a n d w a v e d l i n e s c o n v s p o i u l i n g l y . S o l l i e S i | i i . n < - i s t u p o l o j O r a D y e q u i v r i l c n t

t o a t o r u s .S'1 x S ' 1 , h o t l i c i r c l e s b e i n g <jf t h e s a m e l e n ^ l l i /. ( F i g . l ( b ) ) .

F i g . 2 T h e m o v e s w l i i d i d o n o t c l i a n g r a p h v s i r a . 1 s ( ; i t c u f 0111 s y s t e m . M o v e ( I ) : m o v e

p a r t i c l e 1 a n t i c l o c k w i s e ( s a y ) a r o u n d t h e l i r s t c i r c l e I r u m 1 l i e p o i n t A { r , — 0 , . 1 ^ = U )

t o t h e p o i n t ( j " i = i , J ' , . = ( I ) . M o v e ( J ) : I I K A V | . . n 1 ii 1.- •> a n t i c l o c k w i s e a r o u n d

a n o t h e r c i r c l e f r o m A t o t h e p o i n t {.:, = 0 . .>••. — / , ) . M o v e ( : ( ) : M o v e ( I ) + M o v e

(2).

F i g . 3 T h e m o v e s w h i c h a r e i n d u c e d 0 1 1 t h e H u n s ( - /, - r v . /.. 0 < , i - + < 2 1 , ) b y t h e

m o v e s s h o w n i n F i g . 2 . T h e m o v e f r o m A { . r . - 1). .:• ( - I ) ) 1 o t h e p o i n t ( , r _ = L ,

• r + = L ) ( F i g . ; i ( a ) ) c o n e s ] m i n I s t s i t h e n m v e ( I I . i n | - i n , 2 . I h e m o v e f r o m t h e s a m e

p o i n t , 4 t o ( / _ = - / . . j - + = / . ) ( l - ' i g . : t { b ) ) c u n v s p o i i d s 1 o t h e m o v e ( 2 ) a n d t h e

m o v e t o t h e p o i n t (.:•_ - I ) . , r + — 2 1 . ) ( i ' l g . : i ( < ) ) l o ( h e i i m i v ( : { ) .

F i g . 4 T h e r e l a t i v e ! > _ ( . ( • _ I / , ) a n d c i ' i i l e i o i i n a s s P , 1 . 1 ^ \ l , ) p a r i s o f I l i e f n i i c t i o i i P ( r u J ' 2 \ L ]

( F i g s . - l ( a ) a n d - 1 ( b ) c o r r e s p o t i d l i i g l y ) V . . { - - , | / . } - ,', /. , P ^ ' - ^ L ) = - ± 1 . .

F i g . ' i A s c h e m a t i c r e p r e s e n t a t i o n ( i f t h e 1 v v o - l j o d v s v s l e i n s i a l e s ' l e s > r i b c < l b y \ , ( ; = T. T ) .

T h e f i r s t a n d s e c o n d c o m p o n e n t s o i i h e t w o - c o m p o n e n l s l i e l d s <j>^ a r e r e p r e s e n t e d

by f and J. correspondingly.

(a): Xl = * " = ^ l ! ) 4 " •

(b) x, = * « = V .J IV; I J ) ,
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