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Abstract. We have evaluated explicitly the transition form factors Tiy,(k), or
the Fourier components of the transition currents, between states m and n, and with
them, the contribution of an individual level m to the Lamb shift of level n, including
the retardation exponentials.

1. Introduction

The purpose of this work is to evaluate explicitly the contribution of individual discrete
states to the Lamb shift of a given state in hydrogen-like atoms. The Lamb shift is
usually calculated, using sum rules or Green function method, as an infinite sum
over discrete and continuous spectrum, which gives us no intuitive feeling for the
nature and magnitude of each contribution. To our knowledge, these terms of the
Lamb shift have not been studied in detail. The individual contributions cannot be
calculated in Bethe’s original form because the integrals diverge. Moreover, it may
also be possible in the near future to measure the individual contributions to the Lamb
shift [1] experimentally. As a byproduct our calculations also give the transition form
factors T (k) or Fourier transform of the transition currents between two states m
and n without the dipole approximation which are useful in many other applications.
These results also implicitly contain the electromagnetic field produced by the atom
in a transition process, which will be studied further in a sequel to this work.

We shall use the self-field approach to quantum electrodynamics (QED)}. The un-
derlying physical picture is that one adds the field produced by the current j, = e1ﬁ7ﬂw
of the bound electron to the external field. However, the formulae for the Lamb shift
in the lowest order o in coupling (but to all orders of Za in wavefunction) are the same
as in standard perturbative QED [2-5]. There are some conceptual simplifications and
the integrals are regularized in a simpler way. The retardation is kept so that the
theory is finite.

It is not our purpose here to present a precise value for the total Lamb shift and
compatre it with experiment. For this we refer to recent excellent numerical calculations
[6, 7]. Rather we wish to improve our conceptual and quantitative understanding
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of the various contributions (discrete—continuous, electric~magnetic, low energy, high

energy) that make up the total Lamb shift, and the various approaches to the problem.
We therefore give in this introduction a brief overview of the situation. The Lamb

shift 6 E,, of a quantum level n is usually computed from the following parts [2, 3].

(a) The electric low-frequency component (Bethe-Salpeter [4], equation (19.7)).
For an s-state n(l — 0):

dk
Wi+ W,=-D dk —
e Ua @ Z /o EP—En+kc:{ &
where D is the constant 2aZ*/(3wm?c) and P, is defined as

Pn.u = Pay ¢ Pun(EV - En) (2)

P,,, is the matrix element {n|p|v) and A € me is a cut-off momentum. The summation
over states must be performed over the discrete levels v and the continuum spectrum,
so that the second term W, in (1) is

W2 — z‘sEm’ + 6Egont'muum (3)
v

Pny “ Pyn
SE,, E)/dkk+E 7 (4)

Performing the integration over k in (1), and neglecting E, — E_ with respect to Ac
in In(Ac + E, — E,)) leads to

A —E, 272
W,=DY P, [ln -l B —Fa 4y EQi] . (5)
v

Z°Ry

The Bethe logarithm In(k,/Z? Ry) is then defined in such a way that (5) is exactly
equal to

ky w272
s —1n$ _
(E Pm,) []n In 7Ry n-— ] (6)

(b) A mass renormalization term W, ([4], equation (19.8 bis)), which exactly
cancels the first term W, in (1).

(c) High energy and higher order terms. Relativistic terms and vacuum polariza-
tion ([4], equations (18.2) and (19.3)):

B E\? o me? 3 56 1
W‘*:_(?EZ) 3—7r[lnTc——ln2—§+6'- 5] e{Ap)nn (7)

A is the same cut-off momentum matched to the cut-off in {1). The vacuum polariza-
tion term —% is discussed in the self-energy formalism in [§)].
(d) A magnetic term due to the anomalous moment of the electron: ([4], equation

(21.3); [9))

o’me? _, <

27n3 201 +1 (8)
with ¢, = —1/lforj=1—-} and ¢; = 1/(I+ 1) for j =1+ 1.

W, =
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The same formulae( ), (7) and (8) apply to a p-state (n,! = 1), but the terms
—In(?Z?) and (3% — %) must then be suppressed in (6) and (7).

In the seif—ﬁeld formulation, when the potential A, is eliminated between the cou-
pled Maxwell and Dirac (or Schrédinger) equations, one obtains a non-linear equation

(1410, = eA*) = myp = e79 [ dy Dz = )P, ¥0)

where A5 is a fixed external field and D(z — y) is the Green function of the
d’Alembertian. The treatment of all QED effects (Lamb shift, spontaneous emission,
¢ — 2, vacuum polarization, etc) are based on an analysis of the single non-linear
term in the right-hand side of this equation (for a recent review see [10]). The non-
relativistic form of this non-linear equation was studied in detail in [11], and we base
our calculations on these results.

2. Method of calculation of the discrete contributions

The non-relativistic Barut and Van Huele formula [11]

—e? hhiw , [ BkTL(-k)- Tt (k)

6 - ~ ny Y =yn n
" 4rey dnimic | k2 We, — k

(9)

gives the contribution of each discrete level v to the shift, so that the total Lamb shift
of a quantum level n is

6Eﬁ - Z 6E7w + 6E;c;0ntinuum . (10)

14

In (10), m is the electron mass, w,, = (E, — E,)/k¢ is the transition frequency, and
k = |k|; T represents the component perpendicular to k of the form factor

T, (k)= J/ Bz * =y (2) Vi, (). (11)

By convention, 1/{w, , — k) must be taken as the principal value of (1) when B, > E,
(i.e. w,, >0). _
When the retardation exponentials e**™ are replaced by unity in (11), expression

(4) is obtained, in which a cut-off was necessary. That is now eliminated.
Tha cineloe cantrihntian AF nf lovel v = (‘)n\ ta the snercv cl‘nff nf Inv 1 n =

LT Siug IS VO uuIULL Vid g 9 Ul aTyTr ¥ P j vY val Tatagy 1idiu Ui aUVYUL v T3

(1s) has been calculated previously [12] (in this reference expression (20) for 6,4,
is incorrectly multiplied by a factor 2, because of incorrectly normalized hydrogen
orbitals taken from [13]) using (9). Here we will generalize this calculation to any
orbitals n and v and study the nature of various contributions and their properties.
The following two different situations occur.

(1) First case. The two orbitals %, and ¥, have a common axis of cylindrical symmetry
(examples: |n) = s and |v) = p,d or f; n = p and v = p with the same axis; etc).

Let e be the unit vector on this axis of symmetry, and 8 (0 € 8 < =) the angle
between k and es; and let j be the unit vector orthogonal to k and contained in the
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half-plane of edge k and containing e;. By symmetry T}, is parallel to j, and is more
precisely in the form

Tnlu(k) = J anu,:' (ﬂ)tmx,i(k) (12)

with finite summation ;. Here the functions f and ¢ are given in appendix B.
For example, for orbitals of types s and p we have (n = ns and v = vp)

Tl (k) = jsinpt,, (k) (real vector). - (13)
For orbitals of type p with the same axis (n = np, and v = vp,), we have
Tl(k)=ijsinfcosft,, (k) (imaginary vector). (14)

When (4) is inserted into (1), the integral over k becomes

[=rE% [ 495085 = )50 0)] [ et W0

(14a)

(i) Second case. The orbitals n and v have cylindrical symmetry axes e, and e,
(legl = 1 = |es) is assumed) which are perpendicular to each other. In integral (9),
the vector k takes all orientations in a frame bound to the axes e, and ez of the
orbitals. The integration of (11) at first seems to be complicated in the general case
where k has any orientation with respect to the fixed axes e, and e;. However, a
suitable transformation allows us to restrict the calculation of T+ (k) either to the
case of k orthogonal to one of the two axes, or to the case where k,e, and e; are
coplanar. _

For any orientation of k let us define the vector j as indicated previously, and the
unit vectors z and 3’ as

iij% and i=eyxt. (15)

The orientation of k with respect to the e; and e, axes of the orbitals is measured
in spherical coordinates (k, 3, %ﬂ’ — ¢f) by the angle 8 between e; and k, and by the
angle 37 — pf (0 < ¢ < 27) of rotation around ez which moves eg to —j" .

In the plane orthogonal to e; we therefore have

¢y = angle (i, e))
s .
2 — ¢ = angle (eo, ')

3 .
5 ¢ = angle (eq — 5°)

where —3' is the normalized projection of k. To simplify the notations we shall write

k=(k, B, ¢p) instead of k=((k B 3m—¢p).
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In (9) we have

2x , g 00 kz N N
= -d / dg si / dk ———— —B,pp+m)- 0)-
[= [t [ apsing [ ak gr i m = o 7)- T 15 90)
(16)
In the frame (3, 7', e;) fixed to e; and k, the orbital n = (nim) can be written as

n(r, 0, ¢') = a(r,8") cos(m(¢’ — ¢f))
a(r, ) [cos(my) cos(mph) + sin(me) sin(me} )
cos(mypg)n, + sin(mpg)n, (17)

where n, and n, are the orbitals n = (nIm) having axes ¢ and j’, respectively. Con-
sequently

T.L (k, B, ¢y) = cos(mep) T, (k, B8, 0) + sin(mef )T, (k, B, i)

= cos(myy) Ty, (k, B) + sin(mep) Ty, , (%, B) (18)
T (k,m— B, ¢ + ) = (=1)"[cos(me ) T,5_(k, 7~ B) + sin(mtp{))T,,J;,y(k, T - 3)].
(19)

Let us now substitute (18) and (19) into (16). The cross terms are zero, since

2m
de} cos(mepp ) sin(mepy) = 0.

The remaining terms are

sz(-l)m,r/ow dk /O-Wdﬁsinﬂ[T,f'y(k,W—ﬂ,O)'Tr;Lu(k,ﬂ,O)

Wy, — k
+TL (k,w—ﬁ,g)-’f,f; (kﬁg)] (20)

Equation (20), unlike (9), no longer necessitates the calculation of T (k) for any k,
but only for the special orientations of k (with respect to e; and e;) described earlier.

By symmetry, the T% in (20) are parallel to 7. They can still be put in the form
(12) (appendix B). Substitution of (12) into (20) gives a sum of double integrals f, fﬁ
which can be factorized, as in (14a).

3. Values of the §E_,: discussion

The form factors T,f;, are calculated (appendix B) for the low levels of the atom,
n,v=1s, 2s, 2p, 3s, 3p. For n = 2p and v = 3p the calculation is made in both cases
where orbitals n and v have parallel and perpendicular symmetry axes.

The shifts 6 E,,, corresponding to these values of n and v are then calculated in
appendix E. Several general properties must be noticed.
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(i) For two s orbitals, 6E, , , is zero, because T+ is zero (see (B1)).
(i1) Any two levels n, v have mutual energy shifts that are nearly opposite:
$E,, ~—6E,, (21)

As an example, let us estabhsh this property for orbitals of types s and p, for which
T+ is in the form (13). Let n be the lower level (E, < E, ). Substitution of (13) into
(9) gives

= Clw] [7 ai o) (22)
=cll ), e (22)
and
0F, —C|w[vpf dk (ki (23)
where
1 e?h%2

C=

drgy mm2c?3

is a constant. Now, we see after the values obtained for T (appendix B) that
2 (k) = a;
(k) - t ) - zj: (h2 _+_ kz)j (24)

(h,a; constants), where the sum over j is finite. The shift §E,, is then a sum of
integrals of the form

/°° dk (25)
o (lwl+ k)1 +h-2k2)
and §E _ is the same sum, but with the integrals
mn ] (=
dk
v [ Ty (26)

instead of (25). Because h~! < 1, integrals (25) and (26) have opposite values (ap-
pendix F), and equation (21) follows.

(iii) The contribution §E,,,, to the shift of level n, of a level v which is very close
to n in energy is negligible. If £, < E,, we have seen that 6 £, is built up of products
of the type

* dk
“"'/0 (ol + B)(1 + h-2k7) (27)
] [— log(lw|h™") — ié (28)

(using appendix F), which tend to zero with |w|. If E, > E,, 6E, tends to zero with
|w, then 6E,,, also does, because of (21). Therefore, §E,,,, and §E;.4,, for example,
are small.

The numerical values of the 6E,, shifts are listed in table 1. For each n, the
discrete sum Y §E, , is also given neglecting the high terms (v < 3p).

s3p?

14
The magnetic contribution due to the electron anomalous moment which can be
calculated exactly (non-relativistically [2-4] and relativistically [9]) is added to this
sum (table 1).
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4. Calculation of §E,,, for high v

Because a general expression of 8 E,, for any levels n = (nim),v = (vAp) is difficult
to obtain, we restrict the calculation to the case of n = 1s = (1,0,0) and v = vp, =
(v, 1,0).

For v > 1, equation(1) can be written as

a3k f.'l"l (k) Tl

bE = C/ T w+k (29)

where
o 1

o =lonl =52 (1-33) (30)

and
_ e?h2w 9 a? 1
¢= dregdnimic? = a’me 82 (1 - ﬁ) ' (31)

In order to calculate (29), we use {A3) and the value (G25) of T+, which give

12 v
*E =C(V+ Dv(v — l)a"%/o dfsin® ﬁ/ WPE LT 42)

where the square bracket is the same as in (G25). The change of scale ak — k& leads
to the final result:

A o0 AL
an

- C L2\
5E - 5 9 2u _ﬂ u T
15 vp = @ E" o jo ——_k4(aw Yy [cos(uﬂ) + sin{vf) k 5T )J
(33)
with the definitions (G25), (30) and
4
2
prEl— v(a2h? + k?) (34)
8 = tan™* £ -3 <00 (35)

ah — %V(azlﬂ + k2?)

In (33), the integration over k can be performed numerically by the trapezia method.

For [v8] < 5 x 102 the square bracket in (33) cannot be calculated by a computer,
even when double precision is used. In this range, this bracket can be replaced by its
second order expansion in 8, which is

[ ]z%i(l—vz). (36)

In addition the number of intervals used in the trapezia method is reduced greatly
when a logarithmic change of variable is performed on k, that is

[:o F(k)dk = /: F(k)k dz (37)
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Table 2. Calculated values of § E4,p from equation (33}, (energy unit: 10258 mcz),
J3© represents the integral of equation (33).

v fooo 6E1:wp 4 fooo EE“VP

2 0.211 3.35 50 0.175 1.78 x 10—*
3 0.18% 0.892 60 0.175 1.03x 10™4
4 0183 0.364 70 0.175 6.50x 10™%
5 0.180 0.183 80 0.175 4.35 % 10~%
6 0.178 0.105 90 0.175 3.06 x 10—°
7 0177 659x1072 100 0.175 2.23x10~%
8 0177 4.40x1072 150 0.175 6.60x 10~

9 0176 3.08x1072 200 0.175 2.78x 10~
10 0176 224x10~2 300 0.175 825x10~7
20 0175 2.79x10™% 500 0.175 1.78 x 10~7
30 0175 8.26x10~% 1000 0.175 2.23x 10~8
40 0.175 3.48x10~%* 2000 0.175 2.78 x 10™?

with & = exp z.
Examples of calculated values of 6 E
in (33) the limits

1svp aT€ given in table 2. For fixed k, we have

2 _4

v ~ —_—
p exp Ty (38)

and

[ J~cosy— %sin'y

(39)
= —2k/(1 + k?)

when v tends to infinity. In practice, the integral [;° in (33) can be replaced by its
asymptotic value

©  dk -4 1. 1°
‘/0 (a1 F) XP T3 [cos7 - ;sm‘y] =0.175 (40)

for v > 9. This leads to the approximation

700
6E o®mc? 07

> 8. (41)

v3n

The contribution of all p levels to the shift of the 1s level can be obtained using table 2
and the approximation (41):

i&Els,,p =3 [ + i] (42)
v=2

p=2 = v=10
70 o« 1
=3 [5.03 + -~ Uzzm ﬁ]
= 15.45 (in energy units : 10~ 2a*mc?). (43)

To obtain (43), the value {(3) = 1.20 for the Riemann { function has been used.
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5. Conclusions

As shown in columus (9) and (10) of table 1, the contributions of the discrete levels
8E,, as given by formula (9) are only a small part (15-20%) of the whole shift. This
result is in agreement with the previous results obtained using equation (4) [5, 3].

Expressions (9) and (4) will now be compared directly for a few (n,v) levels.
Clearly, this comparison is a little problematic because (9) is well defined whereas (4)
depends strongly on the value given to A. In Bethe’s computation of the total shift
(6) + (7) + (8), the precise value of X is not needed. This is due to the fact that the
part of (4) which depends on A, that is the first term in (6), is cancelled by the first
term in (7), and therefore does not need to be calculated.

In contrast, if we want to use (4) instead of (9) for individual contributions, then
a precise value needs to be given to A in (7), since a compensating term in A will no
longer appear in W,. Work is in progress to obtain a A-independent expression for
W, in the framework of self-energy electrodynamics.

For a rough numerical comparison of (9} and (4) we shall choose in (4) the minimum
cut-off value

de = ame? = Zc (44)
(correspondingly, the first logarithm in (7) must be set equal to —Ina). The values
drawn from (9) and (4) are compared for levels (n,v) = (1s, 2p), (Is, 3p) and (2s, 3p)
(table 3). The difference of approximately 5% may induce in the total Lamb shift (6)
+ (7) + (8) a difference of approximately 5% x 15% = 1%. Because of approximation
(44) made in (7), this difference may vary and will not be discussed further here.

Table 3. Contribution of level v to the shift of level n: comparison of expressions
(9) and (4) (in which X is given by (44)). Units: 10™2a5mc?.

(n,v) (1s,2p)  (1s,3p}  (2s,3p)
Equation (9) 3.35 0.89 0.14
Equation (4) 3.66 0.95 0.17
Difference 3% 5% 18%

As emphasized earlier, the use of equation (9) for precise calculations, in place of
equation (4), now rests on obtaining an exact expression for the high energy term W,.
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Appendix A. Calculation of integrals

L
140 = | [ % 40, (2) V4 (o) (A1)

where L indicates that only the component of T' orthogonal to k is taken.
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A.1. Effects of permutation of indexes

T, satisfies
T,n(k) = =T, (k) — ik, (k) (A2)

where I, is defined by
- RS f.g §k=$"" PN PP
1,n(k) Ej dxz e Y (@)Y, (). (A3)
Therefore we have

T, (k) = =T, (k). (A4)

A.2. Effect of reversion of k

T+t (—k) occurs in (1). Here the orbitals ,,, 1, are taken to be real. Therefore, T'(k)
and T(~k) are conjugate. The same holds for T*. Tjg,,, Ty5s,, Tisap: Tiks, and Ty,
happen to be real, and therefore they verify

TL(—k) = T*(k) (A5)
whereas T-jl', 3p Which is imaginary verifies

TY{—k) = =T*(k). (A6)

A.3. General formula for TE

The Bohr radius a will be taken to be unity (a = 1) in orbitals ¥, and +,,. This is
possible provided the final result for T+ is multiplied by a~!, and that k is replaced
by ak. The hydrogen orbitals are then taken in the form [14]

2r m cos
Y = i (1,8, 9') = Ny Fyy (F) Cim P (c0s8') .~ (myp) (A7)

with
Fy(@) = a'e LI (o) (A8)
2 [(n—i—1)]?
5 [ )

A+ 1(—|m)! /2
+ ( |Tn|) 2e(m)] (AIO)

Cim = (-1)7 [ ar (I + |m|)!
g(m) = 0 (for m = 0) or 1 (for m # 0).

The Laguerre polynomials L are normalized as in [14]. The spherical coordinates
(r,8',¢") refer to an axis of symmetry ez of ¢,,.
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The gradient of ¥, is
cos 2r
v"/}nlm = nlcfm I:P!m(cos 9’) sin (m‘P’)VFnI (7{)
2r m A\ COS, m I\ COS ’
+ Fy (2 [T cos) 2 i) + B (cos )7 22 (m)]

(A1
(Y]

with
2r 2 . 11
VF, (;) = u-zle™/? [Lg,(x) (; - 5) - Lgtll(x)] (A12)

(N=n—I-1;A =241,z =2r/n;u =r/r). Here we have used (6/0z)L} = —L;ﬂ,
(see {12]). In (A11) we have also

dP™(cos ') 1

m Yy — — 4
VP cost') = Teosd > (e5 —ucost’) (A13)
and
cos , —sin ,
= A .
v sin (me') rsin?g 2" cos (me") (Al4)

To take the component of Vi, orthogonal to k, we shall use two frames: the spherical
coordinates (r,8,p) are associated with frame (2,7, k/|k|); and the spherical coor-
diantes (r, ¢, ¢') with frame (2,5’ e;).

In (A12), u must be replaced by its component orthogonal to k,

ut = sinf#sinj. (A15)
In (A13), we must substitute

(eg — uwcos@')* = j(sin B — cos§’ sinfsin ?) (A16)
and in (A14)

(e Au)t =sinfcospcosf j. (A17)

Then we obtain

{5 () rremniion]

2r\ r/n L 2ry |1 o cos
— ol Y mrfn 2041 " = _ m ! 1
=3 (n)e T{Ln_,_l ( ) |ﬁ(ln r)sin fsin P, (cos())sin(mcp)

n

dP(cos@"), . .. (COS,
W(sm B8 — cos 8’ sin @ sin ) ¢in (m¢")

]

+ PP (cost)—m— sincos pcos 8" (mp)
—_— 08 © COS m
(" (cos Y sin @ cos ¢ cos qu

2 oo [2rY . . m ;\ COS .
—ann_,_2 " sin@siny P (cosB)sin(mgo) . (A18)
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Substitution of (A18) for (V4,)* in (A6) gives the final result

2A+1 =)

J;t = jNy)anC)&#C!m vAind dr rl+1+1e—"(1/u+1/n)L2/\+l (gﬁ)

ve=h=1
r=0 v

cfiz (5) oo o o]
-z, (2)] ) 9

where

cos ,
n {me')

(A20)

1 L4 X 2
/9 = df sin? g eikr cos? / dsin o P{(cos 8") P (cos 8') :ioj (pe') o

=0 e=0

2 4 . 2 dpm 9
/ = 6 sin g &krcos? dp Py {cos 9‘)-fi—(£95~)—(sin B — cos 8" sinf sin p)
8 =0 ©=0 d cos ¢
cos, , cos,
sin (') sin (me)

(A21)

2 v . 27 P{(cos §'}P™(cos §') cos —sin
= d0sin? 6 lkrcoso/ A i ) ’ "
./ é #=0 e =0 dpcosyp sin? ¢/ sin (k) cos (me")

(A22)

;4.4. Calculation of integrals lfo’ya!afo for low values of quantum numbers A, u and
,m

We notice that only the last quantum numbets A, ¢ and {,m of the orbitals ¥ = (vhp)
and n = (nlm) are involved in (A21)-(A22) and thanks to relationship (A4), we may
assume { < M andmpuforl= A

The integrals over ¢ oceursing n Y,%4 a'%fa respectively, are denoted by
‘fw, "’Lp,‘f o For integration of (A21)—(A22), coordinates (7,8, ¢’) are expressed as
functions of (r,8,¢), using relationships like

cos¢’ = sinfcos ¢/ sin &’ (A23)
and
sin @’ = (— cos @ sin B + sin fsin ¢ cos f)/ sin §'. (A24)

(a) A = 0,{ =0 (two s orbitals). Then

] =0 =7 and m7 =0. (A25)
8 8 8
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(b) A=1,p=0;1=0 (p, and s orbitals).

y = wsin Bsin
7]

7 = wsin 8 O4,(kr) (for ©,,,,, see appendix C)
]

7:0 ma/. = 0.
¢ J

8

() A=1,p=0;1=1,m =0 (two p orbitals with the same axis).

] = 27 sin B cos Fsin § cos §
7]
W
j = wsin(28) O, (kr)
8
7 = wsin(20) cos® @
7

79 = 7wsin(28) O,5(kr)

3
mf = 0.
8

(A27)

(d) A = 1, = £1L;{ =0 (orbitals p, (or p,) and s). This case will give the same

value of T as case (b) above

() A= 1l,p=1;1=1,m = 0 (p, and p, orbitals). The axis ez of the (I, m)
orbital has any orientation; the (A, ) orbital is assumed to be orthogonal to both k

and e; (axis eg x k).

1 2 3
/:0:/ m/ = 0.
[} (] 4

(A28)

(f) »=1,p=-11=1m=0 (p, and p, orbitals). The axis e3 of the (I, m)
orbital has any orientation; the (A, p) orbital is assumed to be orthogonal to e3, and

coplanar with e; and k (axis j').
7 = mcos(2f3)sinf cos @
»
7 = wcos(28) Oy, (kr)
¢

7 = —7(2sin® 8 cos 8 + cos(2B) sin® 6 cos §)
v

]

] = —n[2sin? 8 ©,,(kr) + cos(28) O (kr)]

8
3
mf =0.
[

(A29)
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(g) »=lLp==2Ll=1m = F] (p, and p, orbitals). T+ = 0 as in case (e)
above.

(h) A= 1,p=+1;1 = 1,m = %1 (two p, or two p, orbitals). Same case as (c)
above.

(i) A=2,4=0;1=0 (d,, and s orbitals).

! KT S
/ =T sin(2/3) sin 6 cos §
» 2

1 3n
/o = -é-sln(Qﬁ) O3, (kr)

ete.

Appendix B. Explicit expression of TL (k) (as defined by (A6)) for
v,n= 1s,2s,2p,3s,3p

(a) TL,, (two s orbitals). By symmetry, T, is parallel to k. Therefore for any s

vsns
orbitals vs and ns we have for any value of k

usns(k) =0. (Bl)

(b) T, np, (two p orbitals with perpendicular axes). For the special values of k
perpendicular to one or the other of the orbitals axes, we have

‘,px"p‘ (k) = (kLey or eg). (B2a)
This is a consequence of (A28).

" (c)) Expression of Ty, (k). For v = (vAv) = (2,1,0) and n = (nlm) = (1,0,0),
19) is written

4 o0
T = —4\"'/5 sin 8 jo dr r3e=37/2@ 4 (kr). (B2b)
(B2a) is obtained using definitions (A9) and (A10) and !f,,%,, ¥, as given by (A26).
The unit vector 7 is bound to k and to the axis e; of the 2p orbital, as defined in
section 2 or appendix A. Substitution of (C6) in (B2) leads to

Tt =2 \/Sl"‘cf [C (h, k) - Su(h,k)] (h=

with C| and S, defined by (D1) and (D2). Substitution of (D5), (D8) and reinsertion
of the Bohr radius e as explained in appendix A, finally leads to

Wl

) (B3)

V2jsin 8 (B4)

1 _
Tots = ~F (2 7 £2)2

(h =3/2a;8 = angle (k, e,)).
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(d) Tzﬁm((u/\u) (2,1,0) and (nlm) = (2,0, 0})). Substitution of (A26), (A9) and
(A10) into (A19) gives

T+ = ’s"‘ﬂ / dre™"r3(4 = 1) Ogy(kr). (B5)

Successive use of (C6), (D5), (D6), (D8) and (D9) leads to

T2p23 = 2(15 + (B6)

jsing 1 1
(2 4+ k2)2 " a2(h2 + k2)°

(h= l/a), after reinsertion of the Bohr radius a.
(e) szaa((”’\“) (2,1,0) and (nim) = (3,0, 0)). Substitution of (A26), (A4) and
(A5) into (A19) gives

T = % /0 dre™3/5r3(=27 + 107 — 212)84, (k7). (BT)

Successive use of (C6) and (D5)-(D10) leads to

2sin 3 [ . 4 9k? +5h°

L ——— e
Tipss =3 81v/6a(h? + k2)2 a? (h? + k2)? (B8)

(h = 5/6a), after reinsertion of the Bohr radius a.
() T3p15((w\p) (3,1,0) and (nim) = (1,0,0)). Substitution of (A26), (A9) and
(A10) into (A19) gives

T! = jsinﬁ-‘;—f / dr e 4 3r3(r — 6)0,,(kr). (B9)
0

Successive use of (C86), (D5), (D6), (D8) and (D9) leads to

16v/2 1 [ 2h ) 3] (B10)

l —_t ol -
Taprs = 3 8i0 B g s the 4 k22 [a(R2 + 2

(h = 4/3a), after reinsertion of a.
(g) Tg';ﬂ,((l/,\p) = (3,1,0) and (nlm) = (2,0,0)). Substitution of (A26), (A9) and
(A10) into (A19) gives

e
T = fl—ii’%ﬁ: o e=5/5p3(6 — 1) (—2 + %) Ogo(kr). (B11)

Successive use of (C6) and (D5)-(D10) leads to

4 1 28 25
l — . . e —_— —
Ti2e = J Smﬁ81a5 CETIE [ 6 + 3a2(h? + k2) _ 6a®(h? + kz)z:l (B12)

(h = 5/6a), after reinsertion of a.
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(h) Tap,zp,(("’\#) = (3,1,0) and (nim) = (2,1,0)). Substitution of (A27), (A9)
and {A10) mnto (AI9) gives

. 2 oQ
T = ls_;;g“_ﬁ) 0 dre® /836 ~ r)[(2 - )O3, (kr) + 20 5(kr)]. (B13)

Successive use of (C3), (C7), (C8) and (D5)-(D10} leads to

10 k

3543 (A2 + k2)4 (B14)

Ty, 2p, (k) = i sin(28)

(h = 5/6a). (B14) is valid for any orientation of k with respect to the common
symmetry axis of the orbitals. T'" is an imaginary vector.

(i) Tsp, 20, (WAn) = (3,1,~1) and (nim) = (2,1,0)). In the case of two orbitals
whose symmetry axes e, and e, are perpendicular, we need only the value of T (k)
for special orientations of k (see section 2).

When k is perpendicular to either one of the axes, we know that T1(k) is zero
(see (B2)).

We now consider the case where k is coplanar with e, and e;. The e, axis of the

3p orbital is therefore chosen on the 7/ axis.
Substitution of (A29), (A9) and (A10) in (A19) gives

T = % [Cos(Zﬁ)/ dre=®"/%r4(6 — )0y (k7)
0

+4sin2ﬁf dre=%/573(6 — r)@u(kr)} (B15)
0

Successive use of (C3), (C7), (D5) and (D11) leads to

.. 23k 5
Tiozp, () = U gsgsrir oy {m(?ﬁ) (1 - Wh_ﬂ—))

. 25
+ 2 sin? B (1 - m)] (816)

(h = 5/6a), after reinsertion of a. (B16) is valid only for k belonging to the yz plane.
T+ is then imaginary.

Appendix C. Evaluation of the integral

. -
Opp = ./n df sin™ 0 cos™ § " <*? (C1)

for some small values of integers m,n (r real).
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We have

4
©g = = (— cosr 4 ._Sm,.)

403 .
95, = i [—; cosr + (—1 + -5) smr]

The relationship
emn = ®m+2,n + em,n+2

is useful.

Appendix D. Values or majoration of the integrals

oQ
C,(h, k) =/ dz 2" e~?* cos(kz)
0
and
S,,(h,k):/ dz z" e~ ** sin(kz)
0

(i) For Reh > 0 and k > 0, we have [15]
Ro\*H n+1 (k)zp
=t { 2 _1)? Z
mn(mm) 2 ()6
0<2pEn+]

and

h n+l p{ nt1 kN7t
S"="!(h2+k2) 2 D (2p+1) (E)

0g2pgn

(C3)

(C4)

(C5)

(C6)

(CT)

(C8)

(D1)

(D2)

(D3)

(D4)
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Forn=0,1,2,3, (D3) or (D4) gives

C, = (h? —k*)/H? (H=h? 4k (D5)
C, = 2h(h? - 3k%)/H® (D6)
Cy = 6(h* + k* — 6h%k%)/H* (D7)
Sy =k/H (D8)
S, = 2hk/H? (D9)
Sy = —2k(k? - 3n%)/H? (D10)
Sy = 24hk(h? — kY)/HY, (D11)

We also have [15]

C, I'(n+1) sin

S, ~ (h? + k212 cos [(" +1)tan™ Z] (D12)
and therefore
C, n!
Sa < (hZ + k2)(n+1)/2° (D13)

(ii) Majoration of |C,, — k=15, _,|. Other expressions of C,, and S, are [15]

on k

o= e (Di4)
R 0" h
Co= N g izine (D15)
Hence,
1 , 9= 1
Cc, - zSn_l = (-1)"2k T (W1 KT (D16)
To majorate the derivative in (D16},
o" 1 =~ (n\ & 1 o1
B (B kR 2:3 (J% <h2 n k?) B8R B2 1 K2 (D17)
let us use the inequality
@ 1 1 s!
R S E L R)ern (D18)
which is a consequence of (D14) and (D12). We obtain
o 1 (n+ 1)
i (2 + B2 | S TR(h? 4 kR H IR (D19)
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Substitution of (D19) into (D16) yields

1
Cn“'kSn 1

n!
S 2 ¢ e (D20)

Another majoration of {C,, - 1/kS,, _,| will be found now, thanks to another majoration
of the derivative in (D16).

o 1 gn—s 1
ok (h2 + k7)" kz)“ - ;( )ahs (h ¥ ik)2 0" (h = ik)? (D21)
n n! ‘ h—ik\*
= (-1 CETOL T g(H D(n—s+1) (——Hik) (D22)

n

2

s=0

n

<Y s+ Dn—s+1)=(n+1)(n+2)(n+3)/6. (D23)
3=0

(D16), (D22) and (D23) lead to

Ca =~ £5ams

(n+ 2)!
3(h2 + k2)(n+3)/2'

< k? (D24)

Appendix E. Calculation of the shifts §E,,,, for levels n,»= 1s, 25, 2p, 35, 3p

(a) n = 1s,v = 2p. After (B4), Ty, is of the form (13) with

) 3
ty (k) = —;-5-(—}1—2‘/-?@ (h = %) . (E1)

In (9), the integral over k is given by (14a) and (A4) and (A5):

/;. =27 ( /0 " dgsin® ﬂ) /0 "k tglsz (E2)

a (1 1 da 1 €
Wig = —-2—a (;5 - ;2') = —EE ((X = _-_h47l'£0 E) (E3)

and (E1) and (E2) in (9), we obtain

Using

6By 1 [ dk
aSme? ~ 2rad J, (3a/8a+k)(R%+ k%)t

97 oo dk b ] » o
T Br Sy (TR 02k (b= h7wy = o). (ES5)

(E4)
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In (E5), (F2) can be used to calculate the integral JJ exactly; but approximation
(F8) is valid here, since b < 1:

11
JF~—logS — —.
4 og 2 12 (ES6)
This gives
5B\ gpp/ (0®mc?) = 3.35 x 1072, (ET)

(b) n = 2p, v = 3s. Using (B8), (A4), (A5) and wy3 = ~5a/(72a) in (9) we obtain

(E8)

6Eypas 5 /°° dk 927 4 9k2 45k 12
ame? ~ 31227ad J, (

= 5a/72a)+ F | (hZ+ B2 T a2 (hZ 4 k2

(h = 5/6a). (E8) can be split into five integrals J;', i = 4 to 8, with b = h7lwy, =
o/12. Approximation (F8) leads to

6By 27 « 583
odmez ~ b7 (l %673t %% 28) (E9)
=137 x 107, (E10)

(¢) n = 1s,v = 3p. Using (B10), (A4), (A5) and w3 = —4a/(9a) in (9) we obtain

6B\gsp 212 j“’ dk [ 3 2h 2 (E11
adme? ~ 317a® J, (4af9a)+k [(A%+ k)% a(h?+k2)? )

(h = 4/3a). (E11) can be split into three integrals JF, i=4,56 with b= h~lwg =
af3. Approximation (F8) leads to

6E153p 1 ( o 77 )
~ — 1
admc? 3728 \ 83 + 120 120 (£12)

= (.89 x 1072 (E13)

(d) n = 2,v = 3p. Using (B12), (A4), (A5) and wyy = —5a/(72a) in (9) we
obtain

8E;,, 275 /°° dk 6
o (5afT20)+ k| (A +k2)?

aSme? ~ 3llgad

2
28 25

aZ(h? + k)3 " 6at(h? + k2)*

(E14)

+3

(h = 5/6a). (E14) can be split into five integrals J},i = 4 to 8, with b = h™lwgy =
«/12. Approximation (F8) leads to

6E233£ 212 83 2729 )
et = 3 VBT T T2 X7 x 25 (E15)

=1.36 x 1073, (E16)



3142 B Blaive el al

(¢) n = 2p,,v = 3p,. Using (B14), (A4), (A6) and wyy = —5a/(72a) in (9) we
obtain

6E 2252 o0 k?
2% = / T (E17)

a®me? ~ 3137ql4 Sa/72a) + k) (h? + k2)3

(h = 5/6a). (E17) can be converted into integrals Ji and J}, b= h™lw,, = a/12.
Approximation (F8) gives

6E2p3p N 2153
a®me? T Hl127x

= 18x 10~%, (E18)

(f) n = 2p,,v = 3p,. Using (A4), equation (12) is written in this case

/,;: —zr'/o w32+k/ dg Slnﬂ{T:ip Zp,(‘k T—p): T3P.v2pz(k p)

+ T;i,y?p‘,(k,ﬂ—ﬁ) 'TIEI}BVZp, (ksﬁ)] (Elg)

where the orbitals 2p,, 3p,, and 3p, have their axes respectively on e3,% and j’. After
(B2}, the first term in the brackets of (E19) is zero. When the remaining term of
(E19) is calculated with the help of (B16), and inserted in (1), we obtain

et = oot / ) w32+k/ dB sin B{cos?(26)(1]° + 4 cos(28) sin” B1][2]

admc? ~ 3ralf 0
+ 4sin® B[2]%) (E20)
with the notation

k Sk

W=ty ep ~ s s oy (E21)
ok 25k
=GP ~ Tage o (E22)
(E20) can be split into four integrals J;¥,i = 4 to 8, with b = h~lwy, = 6a/5.
Approximation (F8) leads to
211112
N _ -5
6Egp, 3p, /{abme’) Sy 4.61 x 107°.

Appendix F

In this appendix we evaluate integrals of the form

+_ * dz
In —/0 (1 2)(1 + 0727 (F1)
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(n integer, b real} and relation between J} and J .
In the case of J, the integral is defined in principal value. The same method as
that applied to J;} in .[12] may be applied to J;, leading to the recursion relationship

JE(L+0%) =T +01, F (n > 2) (F2)

1
2(n-1)
with I, defined as

= [ dz _ 7(2n — 3)!
= /; (14 8222y b(n— 1)!(n — 2)122n-2 (F3)

and
1 T
+ __
= (b-g—:{:logb) . (F4)
The sum
Jo=JF+ 77 (F5)
satisfies the recursion relation
J,(1+ b2) =J,qt 2b21n (F6)
which leads to
n=—1
— 2y~n 2 (2P — 1)1
J, = bn(1+8%) 1+2Z](1+b)PW . (F7)
=

For b < 1, we have

N 121
Ji o~ logb+§§:} (F8)
j=1

and
n—1
(2p—1)!
o —_—— F
J, ~br [1”;,)!(;;— Do (F9)
is small. In the first approximation
Iy~ —J,. (F10)

Property (F10) is better understood when J; is written as

J; —/0 dz (F11)
P e (L4 2)(1 4 022
Then we see that
‘ e de
- =
Tt ‘/_m (7 D)1+ bz2)" (F12)

is slightly different from zero because the corrective factor (146?2%)~" to the hyperbola
(1+ z)~! is not symmetrical with respect to the asymptote z = —1

(/.: 1T +o)1 +d;v?(z 1)) would be zem) : (F13)
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Appendix G. Calculations of form factors Typ 1s for any value of v

For levels 1s = (nlm) = (1,0,0) and vp, = (vAyx) = (v,1,0)(v > 2; axis e3), (A19) is
written as

1 2 [v- 3 —r(ljul) 3 [ 27\ 11 j/
T(k) =~ ~ u3 (y+1)|3f drr°e L;_, (u Ly(2r) . (G1)

with
yg = wsin § O44(kr) (8 = angle(es, k)). (A21)

Replacing O, by its value (C6) yields

T =3 8v/3sin § 2] drre L3 _, (gi)
t/3(v+1 W+ Dv(v-1)k v

< [cos(kr) - %};sin(kr)] (@2)

where h = 1 + 1/v and the Laguerre polynomial is

2r 2
L3, ( V) = Z a, (v)rf (G3)
g=0
(v+ 1)12 (2)"
= (—1)¢ z
o) =N o G T \p) (G4)
In terms of the C,, and S, integrals (appendix D), the integral in (G2) is written
o0
/ =C+S (G5)
)
with
v—2
C=3a,(v)Cyyi(h, k) (G6)
g=
1 v—2
S= % an(v)sq(h, kY. (GT)
q:

The C,,, and S integrals are equal to [15]

Con(hi ) = Grateisss conl(a +2)) (G8)

S(hk) W

sin((gq + 1)t) (G9)
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using the notation
t=tan' & 0ge< T (G10)
h = 2

Considering the cosine in (G8) as the real part of exp(i(¢q + 2)t), we obtain

3 - q+3
C =Re !—(V+1)!(V+1)V(V-l) (XY Vhr+ k2 VhI 4 kZe "“V (V 2\ L-—
| \2/ e\ g )@ +2+3)
(G11)
where Y is defined as
Y = i = _2htik (G19)
ToVREE R vhI 4k R
The second derivative I with respect to Y of the sum L in (G11) is
_YZ( )w“ =Y(1+Y) 2 (G13)
q=0
Hence
(1+Y)” (
Y - DY + F Gl4
viv+1) —1)* + (G14)
The D and E constants are determined by the conditions X =0and X' =0forY = ¢
We finally obtain
C = 2R (14 Yy =) 41420 (G15
=(v+1)! 7 Re Yiv % v )
Let p(v, k) and 6(v, k) be the magnitude and argument of 1 +Y;
pe? =14 Y. (G16)
We have
3
C=(w+1 )!%p”[? cos(v0) + ksin(v)]. (G17)

To calculate S, we consider the sine in (G9) as the imaginary part of exp(i(g + 1)¢).
This gives

v+l
:—(y+1)'?(h + £ )Im{ "'”ZS( ;_ )Y"} (G18)

where Y is still defined as in (G12). The sum L in (G18) is equal to

(v + L

T=(+Y)PH -l +1)Y — 5

Y? (G19)
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and therefore

S = %(u + 1)!%Im{Y‘2(1 +Y)PH Y2 (v )Y (G20)
Using
2/ 2h
Re[Y 3 (1+Y) = -”Z ('“,7 +h? kz) (G21)
and
V2
Im[Y=2(14Y))} = —5k (G22)

and introducing p, 8 as defined by (G16), we obtain
1 v? v
-2 Yo M Yin? — 1)) s _
S= k(u-{- 1! 4 [( h+ 2(h k )) sin(v9) kucos(uﬁ)] . (G23)

Substitution of {(G17) and (G23) into (G5) gives for the integral in (G2)

/000 =+ 1)!"72,;" [Vcos(vﬂ) + sin(v8) (-% L ’“2)] . (G24)

2k

Using (G24), and iﬁtroducing the Bohr radius @ again as indicated in appendix A, we
obtain for T+:

L . 2v/3sin g ; 1: i ( h a(h®+k?)
Tois(k) =3 IO 1)a3k2p cos(v8) + sin(v9) Tk + T )}
(G25)
with
1 1
h=2 (1 + ;) (G26)
_ 4
p= Jl - azu(hz + kz) (G27)
- k b
6 = tan T )2 ~2<9S0. (G28)

Notice that the coefficient of sin(#8) in the bracket of (G25) is also equal to —v~! cot 6.
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