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De&cated to R P. Feynman (1918-1988) 
on the occaston of the 40th Anmversary of Path Integratton 

Introduction 

There is an advantage in looking at famihar things from new points of view. Different formulations 
of a theory have always been very enlightening in physics. They usually have different starting points 
and a different set of ideas. Perturbatlve quantum electrodynamlcs and the ensuing rules for Feynman 
graph expansions can be based on at least three different approaches" (1) The standard operator 
product expansions in quantum field theory [1]; (2) the Green's function expansions [2] and (3) the 
S-matrix unltarlty expansions [3]. In addition, there are various non-perturbatlve approaches [4, 5]. 
There is still another approach to perturbatlve QED, namely via the path integral quantizatlon of 
classical particle trajectories. This is the subject matter of the present work, and, to our knowledge, has 
not been treated before. Of course, path integral methods have been applied to classical Maxwell and 
Dirac fields to perform second quantization with functional integrals J" ~(~b) ~(~) ~ ( A  ). But what we 
have in mind here is not to start from Dirac fields but from classical particle trajectories and quantize 
only once, and only the particles, with functional integrals f ~ (x)~(p) ,  and by eliminating the 
electromagnetic field, to arrive at the Feynman rules. 

The development of the idea of path integral formulation of quantum mechanics has been reviewed 
by Feynman [6], where he also traces his attempts to apply this method to the Dirac electron with spin 
and his solution of the one-dimensional case with zig-zag paths of a charge with velocity c [7] 
(one-dimensional zltterbewegung). He also recounts his original idea of quantlzlng classical elec- 
trodynamics starting from a classical action-at-a-distance Lagranglan between the particles. These two 
problems have remained unsolved; in the meantime Feynman, Schwinger and Tomonaga have 
developed quantum electrodynamics from other points of view, based on the second quantization of 
fields. Remembering that "perhaps a thing is simple if you can describe it fully in several different ways 
without immediately knowing that you are describing the same thing" [6], we address ourselves to these 
two problems: path integral quantlzation of a spinning electron in 3 + 1 dimensions and path integral 
formulation of both scalar and splnor quantum electrodynamlcs starting from an interpartlcle classical 
Lagrangian 

Up to now there is no derivation of quantum electrodynamics directly from a classical particle action 
To quote Feynman and Hibbs [7] "for a relativistic particle with spin the amplitude cannot be described 
by a simple path Integral based on any reasonable action", and " . . .  and because spin takes discrete 
values it has been difficult to suggest for it continuous paths subsequently to be summed over so as to 
obtain the quantum propagator" [8]. We can now present a solution to these problems thanks to a 
better covariant classical model for the electron, one which contains spin and the notion of antiparticles 
already in the classical domain, and is in a one-to-one correspondence with the Dirac theory in 
canomcal quantizatlon (I.e. Poisson brackets replaced by commutators) [9]. If there is a one-to-one 
correspondence in the symplectic formulation there should also be a one-to-one correspondence 
between classical paths and the Dirac propagator. In fact the Dirac propagator K is a matrix, and each 
matrix element K~ refers to a propagator with initial and final spin indices being fixed, in addition to 
fixed imtial and final positions. We shall give a prescription of how the spin indices change and are 
summed along the path. The application of this new classical model of the Dirac electron to the path 
integral of the free electron has already been initiated [10], as well as a preliminary application to 
perturbative theory [11]. 
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In sectmn 2 we give a general perturbation theory of the path integral formulaUon for a system ot N 
pamcles with arbitrary free Lagrangmn L 0 and mteracnons of the type j,~A;" wa any vector fields A 
The general expansion formulas for the propagator are obtained m terms of free propagators The 
theory ~s then apphed m section 3 to scalar pamcles which have no spin comphcat~ons but addmonal 

2 
A -interactions, which are separately treated, and then m secuon 4 to spmor pamcles, where we d~scuss 
m detail the treatment of the spin radices along the paths [12], we also treat processes mvolwng vacuum 
polanzatmn and pair production Finally we &scuss the external field problems 

This paper is intended and so written that a reader w~th a knowledge of classical mechamcs and of 
the notion of path integration only can completely reconstruct perturbat~ve quantum electrodynamlcs 

1. General theory 

I I The acnon of classwal electrodynamtcs 

In order to derive the covanant Feynman rules by path integration ~t ~s most convement to start from 
an acUon integral over an mvanant t~me parameter ~- For N pamcles interacting wa the electromagneUc 
field A the action will be taken to be ,u 

1 

k = l  
(1) 

where L~ is the free Lagranglan of the kth pamcle and J;~(x) its current, both of which we shall specify 
later for scalar and splnor pamcles We use umts w~th c = h = 1 

Using the resultant Maxwell equations and assuming that the felds vamsh at mfimty we can write by 
partial integration 

if ,f , ,  4 dxF~'F'~=+-2 dxA'(x) 2 ]2(x)" (2) 
k = l  

because F~'[~ = - J t ~ o t ( X )  Hence the acnon (1) can be written m a simpler form 

i f  ) W = dT" k L~ -- "~ d x  ] 2 ( x ) A  (x )  
k = l  

(3) 

The reduced Lagranglan (3) can no longer be used, however, to denve the equauon of motion 
Next we express the field A~, (x) in (3) in terms of the current Itself by solving the Maxwell equanons 

in the gauge A ~ = 0, that ~s ,,tt 

as  

N 

DA,,  = T__, j;, (4) 
k = l  

A (x) = f dy D(x-  y) ~ ];(x), (5) 
k 

where the Green funcnon D(x- y) will be specified exphcltly This leads to the third form of the 
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action, 

W= ~N ( f  drkL°k--21 ~ f dx ]~(x)D(x- y)l~,m (y) dy) : W0 + Wmt 
k=l m=l 

(6) 

ext (whose sources are far away, or are If there is, in addition, a fixed, non-dynamical external field A~, 
non-dynamical), we have one more term in the action, 

f N Wext ~---~ - dx ext A. (x) E 12(x) (7) 
k=l 

Equation (6) parallels in field theory the action of N Interacting Dlrac fields ~Oj(x), when A~,(x) is 
eliminated [13]. Note further that here self-interactions are included (k = m terms), in contrast to 
Feynman-Wheeler absorber theory, because the boundary conditions are different. 

1 2 Path mtegrals for propagators of N classical parttcles 

We propose to determine the propagator K for a system of N particles with action (6) by the 
following path Integral in phase space: 

N f Sr 
g(a,b)=~=l dSre-'f(m)srf ~(r)exp(i  f dz, L~) e ' '~' (8) 

0 0 

Here (a, b) stands for (xl,, xza, . . ,  XNa ) and (Xlb, Xzb,. , XNO), the co-ordinates of the fixed initial 
and final points a and b. Each particle r has an arrival "time" S r between a and b, and then we integrate 
over all possible arrival times S, from 0 to oo with a measure of integration exp[-lf(m)Sr] for these 
different amval times. This factor can also be put as a mass term into L~. The function f(m) shall later 
be specified for scalar and spinor particles. The measures ~(1), ~ ( 2 ) , . . . ,  ~(N) stand for the actual 
path measure for each particle defined by the time-sliced integral elements in phase space, 

nr)  dr, . + ,  

9( ' )  = ,=1 ~ ,=1 d4xj ,=1I-[ dsC,, n---~ 0% e(n + 1) = Sr, (9) 

where (ds~j) stands for the other possible internal co-ordinates, again to be specified later in the case of 
spinning particles. In the case of spinning particles in fact K(a, b) will have spmor indices which are for 
the moment suppressed. 

The formulation of QED based on (8) is, we believe, new. We shall explain, as we go along, how 
this equation is Interpreted and applied to explicit processes. 

Next we write the term exp(1W,.t) 

1 3. The expanston of the mteractton W,, t 

We first use the Fourier expansion of the D function, 

1 D(x- y) = (2zr)4 -ff e - l k ( x - y )  , (10) 
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where the contour of Integration in k°-space (corresponding to the boundary condmons) will be 
specified later, to express Win t of eq. (6) as 

f = ~ e ,kx m,, Xe,,V dk 
W,n t ~ (2~.)4 dxdy  f f (x)  ] , tY)  k ~ 

1 1 ( dk 
= ~ ~ (2rr)4 _ ~ f f ( k ) l ~ ( - k ) ,  (11) 

where ]"(k) is the Fourier transform of the current ]"(x) 
In classical mechanics the currents have S-functions along the world line of the particles, I e ,  

]~(x) = e f d'r 6(x - x(r))]"(~') , (12) 

so that we evaluate the Fourier integrals over dx, dy immediately and obtain a purely "action-at-a- 
distance" interaction in terms of the particle co-ordinates alone, 

1 ele m 

e,e  f 

dr' dr" -£-2dk f f ( r ' ) e  ,*x,~.')l.m(r,, ) e,*,ml. 

dk "r") dr' dT"-£- 2 M,(k, "r') Mm(-k  , 

= f dr' dr" L... = f drldr m 2 etemL(xt(rl),Xm(rm)), (13) 
lm 

where we have introduced the quantities 

M2(k, r) - i f (r )  e ,.x,(~), (14) 

and the dot product (M. M) means the usual four-vector product 
Now m the tlme-shced path integrals we have the exponential phase factors 

exp(i f dr' dr" Lint)= exp(1 f dr'  d~'"~e,emL(x,(r').Xm('/'))), (15) 
I m 

where L(l, m) represents the interaction between pamcles I and m (including the self-interaction l = m) 
as defined in (13) For a perturbative treatment of the path integral we now expand the phase factor 
(15) in powers of (etem), 

(f e lwmt = I-[ ~ (e,em) "t~ - -  dr t dr m L(x,(rt), 
l,m rlm=O rlm ! 

Xm(rm))) ~'' (16) 

Thus we have a product of sums of two-body interactions (including self-interaction) of increasing 
order A typical term in the expansion of order r in the coupling parameter is of the form 

I' ( f  ) r _  (e,ez). ( f d r ' d r "  dk )' (ele2) r ~ aT 1 dz 2 L(1, 2) (2rr)gr, 1 r ~ M(k, "g')" M ( - k ,  T") (17) 
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This expansion inserted into the propagator (8) allows us to write K(a, b) also as a sum of propagators, 

K(a, b)= ~ K~,,,)(a, b) ,  (18) 
{rim } =0 

where a summand 

= (a, b) K{rtm}(a, b) Krn ' r12, r22, r13, 

charactenzed by a set of integers rn ,  r12, . . ,  corresponds to a &agram in which there are r n 
interactions between particle 1 with itself (self-energy), r12 interactions between pamcle 1 and particle 
2, etc. The whole of the combmatonal rules of perturbation theory ts embedded tn the expanston 
formulae (16) or (18). This is more direct and simple than in quantum field theory. The complete 
expression for each term m (18) is gwen by 

K r l l ,  r12, r22, 
(a, b) = I-[ dS~e-¢(mr)S~(r)exp, d r r L  ~ 

r= l  
0 0 

,ri, (f  I"2 (I x(ele,f"--r,l dr'dr"L(1,1)) (ele2)'E--r,21 dr'dr"L(1, 2))r12... 
(19) 

This term is of order (elel)rn(ele2) "12''' in the coupling constants 

1 4 Evaluation of path mtegrals 

For each pamcle the time interval and the corresponding position and momentum intervals are sliced 
as follows: 

0 ~ 2 e 3 E S=(n+l)~ 
I I I I I I ~ 

X O =  X a X 1 X 2 X 3 X n + ~  X b 

I I I I I I ~, X 

°n"l 
" p  

We first consider all paths of a given duration S, for each particle r, and then integrate S, from zero to 
infinity as indicated in (19). There are n xj-mtegratlons (the end points xa, x b being fixed) but (n + 1) 
p-integrations 

With this time shcing the free particle phase factor m (19) is wntten as usual as 

n+l  ) 

exp 1 E * (/)  ( /)  l.~T r L ~ , 
/=1 

and ~(r) as gwen m eq. (9). If there were no mteracUons then we would perform the dpj, dxj 
integrations at the &screte points indicated above. We see from (19) that a particle s which does not 
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interact in a given order with other particles (r ,  = 0) contributes a free propagator as a factor to the 
total K In a graph it will be represented by an unconnected straight line We also see that each 
interaction occurs at two time points r'~ and r,~ between a pair of particles l and m (Including the 
interaction of a particle with itself), and this rtm times Graphically this will be represented by a dotted 
line connecting the particles l and m at times r '  t and r", respectively This situation is particularly 
suitable for the path Integral formulation as defined by time shclng of the whole time interval S into n 
intervals of length e It means that we have free particle path integrals everywhere except at the points 
~-I ~), r~ 2), rl 3), Since we know the free propagators, the path integrals in perturbation theory are 
reduced to just ordinary tntegrals at the interaction points 

An interaction term in (19) gives a factor 

f/ S lr(f / ) , (  (e,em)~ -~ d r l "  ar (~) L(xt(rl~'),Xm(r21)) exp 1 E (A~'I/) ~lI°(I) + AT(m/) L°l / ) )  
o o J 

We now identify drl j), j (1~ ur m with any one of the time shclngs so that L(I, m) depends on x t and pC at 
these time points This means that the particle l moves freely except at definite points rl 1t, rl 2>, 
Thus perturbation theory means that we should use LI ~(J) at all time points except at certain interaction 
points where we have interaction terms 

I 
0 

x& 

, I t  I J I I  a ', - ~  
,~(1) ~-(2~ 

I , i l i , , ' ~ × 

×(1) x(2) 

We denote the interaction points by a superscript Thus we select interaction tsmes ~-(~), r ~2), , use 
free path integrals between these times, and then use ordmary mtegrals at the interaction points 

For the free motion of a particle between any two times r (1) and r (2) we introduce the propagator 
kernels F by 

r(2) 

f ~(.)exp(1 f d~" L°) - f (2@)~ F ( p , x  (2) --x(l), 7"(2)--'T(I))dx (2) 
rtl) 

--= f dx(2) F ( x ( 2 ) -  x(l), ~.(2~ _ y(l))  (20) 

We shall give the explicit expression for these free propagator kernels F for scalar and splnor particles 
later In terms of these intermediate functions F, eq (19) takes the following form 

(a, b )= ~ i dSr e-,f(mr)Sr H lrlm 
KFII r12 r13 r=l l m rlm I 

0 

] (,) , (1) _ r l o ) )  dP l ') d x l l ) F  " '')  - (') " (') ')) dp ) d-  (') 
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x (e,e,)L(x~‘)(~~‘)), x:)(7:)) drj’) dri) 

x 
I 

dpj” 
F[( py , xy - xjl) ) 7y - Tjl)) 4 dxj2) F,( pz’, x:’ - xz’, 7:) - 7;‘) dP? 

(24 

dX(2) 

(27r)4 m 

x (ele,)L(xj2), x!‘) d7i2) d7:) * * - * . - 

h times) 

x dP, F,(p,, Xf - Xylm), s, - +q - 
(2?d4 

F,(p,, x”, -x>), s, - ,y, 3 (21) 

Graphically, times and co-ordinates of the Ith and mth particles are divided as follows: 

t : ! ! ! ’ ’ ’ ! ’ 1 1 I + mth partlcle 

Between the mteraction points we have the correspondmg F functions and we integrate at each 
mteraction pomt over dr(‘), dx(‘) and dp”! 

It is best to write some lowest-order terms explicitly and evaluate the propagators, then the general 
expression (21) and its evaluation will be quite clear. We shall give the lowest-order self-interaction of 
particle 1 with itself (rll = 1, all other rlrn = 0), and the lowest-order interaction between particles 1 and 

2 (52 = 1, all other rlrn = 0) 

15 Examples 

Example 1 Self-interaction to lowest order of particle 1. Equation (21) now simplifies to (with 

e, = e, = e, x:)+x(,2), pE’+py’, etc.) 
m 

x 
dp'," 

dr(,l) dri2) FI( pi”, x(1*) - x;, ~(1~) - ~(10)) - 
(244 

dx(,‘) 

x ie2L(x(,‘), ~r’)F,(p’,~‘, x(12) - xi’), ~(1~) - 7r1)) 4 dpi2’ dX(2) 

(274 l 

dP x F,(p, x; - xy), S, - ~(1~)) - 
(271g4 ’ 

with 

1 1 

(24 

(23) 



10 A 0 Barut and 1 H Duru, Path integral formulatton of quantum electrodynamtcs 

S 1 

(2) 

/ ! 
/ 
I 
I 

\ 

b 
X 1 

Xfl) 
1 

X a 
1 

b b 
Sl I) Xl  S ~  X 2 

"J 2 
/ 

V(~) ( ' V  (1) 

'15"1 Xl  X 2 
2 3 4 " ' "  N 3 4 " ' "  N 

Fig I Fig 2 

The graphical representation of (22) 1s immediate (fig 1) All particles propagate freely with their free 
(1) and x~ 2) (i) propagators K~ '), except particle 1, which undergoes interactions at two points xj ~ at times ~-1 

and _(2) respectwely, with itself and we integrate over these times and over these intermediate T 1 
interaction phase space points 

Example 2 Lowest-order interaction between particles 1 and 2 We have from (21) immediately 

Kr~,=x(a,~ b) = --o/("(3) k'(4 ) ' ' 0  ./('(N). o f dS~ dS,_ e -'f('~ )s* e - ~f(m2) s :  

0 

f 0 dp( l  I) dx(11) Fe(p~l )  x~,) 7~,) 72 ) 
d p ~  I) 

× d~'l ')dr~')F,(p(,1),xl ')-x~,r(, ')-r,)i-f-~~ -x~ ,  . _ o ~ da.(,)_ 

× le,e2L(x(,1)(7(,')), x(')f'r!')) , ~ , 

(1) S1 __ T(ll))  dpj (It dp2 × F t ( p t , x ~ - x  ~ , ~ F2(P2, X~-X 2 ,S:-~-(2 ')) (27r)4, (24) 

or graphically, as shown in fig 2 

I 6 Further development of the general formula Ttme mtegrattons 

We shall further develop the general expression (21) into a composition formula in terms of free 
propagators K o The F function introduced In eq (20), which is related to the free propagator, will be 
assumed to be of the following form 

F( p, Ax, A~-) = e 'p A~ e-1)~(p)A~ (25) 

We shall see indeed that for relativistic scalar and splnor particles this is the case, and shall determine 
the function )7( p), which goes together with the function f(m) in the measure in the f dS integration [see 
eq (21)]. Now we can perform the drl  1) d~'~ ) integrations 

In the example of the self-energy, eq (22), to begin with, we use the following well-known rule for 
the change of the limits of the ~- integrations 
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S 1 S 1 S 1 ,r~ 2) 

" = 1  
i f  dr(ll) dr~2) 2' f dry2' f dr~l) (26) 
0 0 0 0 

We drop the subscript 1 everywhere from now on for simplicity of writing since there are no other 
subscripts in this expression. Consequently eq. (22) becomes 

Krll=1(a, b) = --ok'(2) k ' ( 3 )  ' " " - - 0  K~ N) f dS e -~[(m)s 

o 

S 'r (2) 

× 1 dp (~) f dr(2) f dr(X) (2 )4 
o o 

x ie2L(x (1), x (2)) exp[-i)7(p(2))(r (2) - r(1))] exp[ip<2)(x (23 - x(1))] - -  

dx (1) exp[-1)~(p('))(r (1) - r°)] exp[ip(l)(x (') - x")l 

dp(2) 

(271") 4 

dp 
× dx (2) exp[-l)~(p)(S - r(2))] exp[Ip(x b - x(2))] (2zr)4 • 

(a) dr  (1) mtegratwn: 
r(2) 

exp(-,r(2)[Y(#l))- f(p(2))]}- i 

_i[)7(p(,)) _ y(p(2))] 1(1)  = f d r ( l ) e x p { _ r r ( , ) [ f ( p ( 1 ) )  _)~(p(2))]} = 

o 

(b) d r  (2) mtegratwn: 
s 

i(2) = f dr(2 ) exp{-,r(2)[)7(p(1))-  7(p(2))1 } - 1 
o - i[y(P(1))  -)7(P(2))] exp{ - l r  (2)[)~(P(2)) - )~(P)]} 

1 -I[37(P(1))-)7(P(2))] ( exp{-IS[f(p(1))- f(p)]} - 1 exp{-iS[f(p(Z))- f(p)]} - 1) 

(c) Now we can perform the dS integration: 

-[37(P (')) - 37(P(2))I[)7(P °))  - f(P)l 
dS e -lf(m)s e -'Rp)s 1 (2) = 

o 

x f dS {exp{-iS[f(m) + 37(p°))1} -exp{-iS[f(m) + )7(p)]}} 
o 

(27) 

1 

+ [~(p(,))_~(p(2))l[~(p(2))_~(p)] 

× i dS {exp{-IS[f(m) + 37(p(Z))]} -exp{-IS[f(m) + )~(p)]} } 
o 
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1 1 1 

~-" - - [? (p ( l ) )__?(p (2 ) ) ] [? (p (1 ) )__?(p ) ]  ( - i [ f (m)+  ~(p(1))] -- -l[f(m) + j~(p)]) 

1 1 1 

+ [ j~ (p ( l> )  __ ~(p(2))][?(p(2))__?(p)] ( - i [ f l m ) +  ~(p(2))] - - i [ f (m)+)~(p)] )  

These four terms algebraically add up simply to 

l{[f(m) + f (p ) ] [ f lm)  + f (p( l ) ) ][ f lm)  + ?(p(2))]}-i 

Inserting these lntegraUons in (27) we have 

f dp(l) @(2) dp 
Krl ,=l(a , b) = g(2)g(3). . .  K~N) dx(l) _ _  dx(a) • "o "'o (27r)4 (27r)4 (2,n.)4 

x ½1eZL(x ~l), x(2))l exp[lpI1)(xIU - x")] exp[lpI2>(x (2) - x(1))] exp[lp(x ~' - x~2))] 

[t im) + f( p)][ f (m)  + JT(p"))l[f(m) + f(p~Z~)l 
(28) 

The three p-integrations nicely factorize and we recognize the three free-particle propagators We 
introduce the expressions 

/" dp e 'p a~ 
Ko (ax) J 4 tim) + ](p) 

(29) 

whence we can write (28) in the final form 

F 
Kr1_~(a, b)=  I<'(2>~(3) K~ u, J dx¢l 1) dxl 2> lrT( I ) /  (1) 

- - o  "'o " ~'o ~xl  - x E )  
a 

X ½(le2l)lL(x(ll) , "'(2)'~V(1)'"(2) (1)'~ T. ,( ' ) ,  b__ X(12)) "tl J /X0 ~,J'l - - X l  ) / k 0  [Xl '~ (3o) 

with L(x(11), X(12)) as given m eq. (23) This now estabhshes the rule for the diagram of fig 1 m terms of 
three free propagators and one pair of interaction points x~ ~) and X~l 2) 

In the example of fig 2, eq (24), we use again eq (25) and perform time Integrations, 

S 1 
exp{--1Sl[f(p(ll)) -- f (p , ) ]}  - 1 

I ( ' )=  f d'(, ') exp{-l,(,~)I37(p(~a - f(pOl} = _l[f(p(~)) _/7(p,) l 
o 

Exactly the same expression holds for the dr~ ~) mtegranon, w~th subscripts 2, but superscripts the same 
For the S 1 integration we have 
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f dS, exp{-,Sl[f(ml) +)~(p,)]} I (1) 
0 

1 1 
= _lDT(p~l)) _)7(pl) ] ( _ i [ f ( m l )  +)7(p(~))] 

= {[f(ml) + f(p(ll))][f(m1) + )7(pl)]}-I . 

1 

- _ , [ f ( m l )  + f(p,)] ) 

Similarly for [ dS 2. Hence eq. (24) becomes 

Kr l2 : l (a  , b)=  ~:'(3)k"(4) " ' " r(o N) f dx~ ') dx~ 1) 
exp[ip(ll) (x(11)- x~)] dp~ 1) 

--o --o f(ml) +~(p~l)) (2Ir)4 

exp[lp~l)(x~ 1)-  x~)] dP~ 1) 1 (1) 
(2rr)' 21ele2L(Xl ' x~l)) 

exp[lpl(xbl--X]U)] dPl exp[Ip2(x -x '))] dp2 
× 

f(ml) + f(Pl) (271") 4 f(m2) + f(P2) (27r) 4 '  

which Is, using (29), 

f 
• " j Ko (*, - x , )  Kr,2=l(a , b) = --0/((3) k"(4)*-o . K(o N) (lXl" (1)GX2" (1) (1) _(1) a 

× Ko(2) (x  2~(1) _ x2 ) ½1ele2L(x~l),  "t'2~(1) h l,,"(1)/~b)/~.0 1 "̀!'1 -- "I'1"(1) \ r.,,'(2)/b)/x. 0 1,'t"2 -- X~I)) ( 3 1 )  

It is now clear how to interpret and evaluate the general expression (21) for more complicated 
diagrams. The perturbation theory developed here so far is applicable to any particle theory in which 
the total action is written as W= W 0 + W, nt, and where the free propagator xs known at least in form, as 
in eq. (20), e.g. interacting oscillators, etc The more specific forms, eqs. (30) and (31), use the 
expression of the free-particle propagators in the form (25); but the function jT(p) m (25) is still qmte 
general. In the next two sections we shall discuss more specific particle theories. 

2. Scalar electrodynamics 

2.1. The acuon of scalar electrodynamws 

We shall now specify for a covariant scalar particle the free Lagranglan L °, the current j~(z) and the 
interaction term W,n t used m the previous formulation. The action in the configuration space with 
respect to an lnvariant parameter ¢ is 

f W=-  dz(½xZ+eA.x)-~ dxF,~F ~ ,  (32) 

which leads to the equations of motion J/~, = eF~,~x ~ and F~'~,~ 

f 1I W = -  dz[½(:~+eA) 2 -  ½e2A21 - ~ ,  dxF~,~F ~'~. 

= -1~. It can be written as 

(32') 
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We shall rather use the phase space action 

I 'I W= - dr  (p  .x - Ap 2 + 2eAp A - Ae2A 2) - ~ dx F F"" (33) 
- J 

(}l 1S a Lagrange multiplier which will drop out), which in the phase space formulation of the path 
integrals is equivalent to the previous forms and also gives the correct equations of motion p .  = 
eA . , . x  ~ and x+. = p .  - e A  (A = ½) In appendices A and B we obtain the action (33) as a hmlt from 
the action of the spinning particle 

Now due to the A 2 term, the interaction is not simply of the form]UA , or if It is written in this form, 
1" would be itself A dependent. This is of course the well-known pecuharlty of scalar electrodynamlcs 
and will lead, as we shall see, to two-photon, two-fermion vertices (seagull diagrams) Since we are 
using perturbation theory, that as, the particle is free between two interaction points, the best procedure 
is to take the current to be the usual, 

1 ] . ( r )  = efi .(r)  = e ~[pu(r_) + p . ( r+ ) ] ,  (34) 

where p . ( r  ) and p~,(r+) are momenta in the time slice before and after the interaction point r, and 
then to evaluate the A 2 interaction separately According to eqs (5) and (10) 

J 

A (x) - 1 dk  
(2,.if) 4 f -'~ ~ e ,  f a r ,  f i ~ ( r , ) e x p [ - l k ( x - x , ( r , ) ) ]  (35) 

Using this we can derive an expression for A2~,(x), 

eje,. f dk dq 
A2u'(X)= ,,mZ (27r)S ~ "~ dr t dr m 

× exp[- lk(x  - x,(rj))lfi~(rj)fi~.,.(rm) expI- lq(x - Xm(rm))] (36) 

Care must be taken in evaluating the product of two distributions at the hmitlng point rj = % Consider 
the A 2 term for a single pamcle, 

( 
A2.(x) = e 2 J d y  dz dr '  dr" D(x  - y ) D ( x  - z)p-~'(r' )p.(r")8(y- - x ( r ' ) )6 (z  - x(¢')) 

For r '  # r", the y- and z-integrations can be performed giving 

A2 (x) = e 2 f dr '  dr" D(x  - x ( r ' ) )D(x  - x(¢'))/:7('r') •/)(r") 

For r ' -- ,  r" we have the product of two distributions In this case we evaluate the integrals for r '  # ¢' 
and then take the limit 

r ' ~ r "  such that -~' ' - " p (r+)p.  ( r )  ~ oo, (37) 

l e the intermediate momentum between r '  and r", because only at infinite momentum can the two 
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particles be at the same point. This procedure gives correctly the seagull diagrams of scalar elec- 
trodynamics as we show in the next section. 

The general formulas (21) and (22), (24) or (30), (31) hold for the 1" A interaction. We have just to 
insert for (23) 

1 1 / dk fi~,(,r(,)) e_,kxt(r(,) ) 
L(xI'),x~))= 2 (271.)4 ~'T 

Furthermore, the measure in the S integration in (8) is now 

e-g(m) S = e -lmzS 

(38) 

(39) 

[a mass term m 2 could be added into the Lagrangian instead of (30), as we have noted, i.e., 
L = p2 - 1(p2 _ mE)]. The free scalar propagator kernel function F in (20), 1.e., 

r2 

r 1 

can be evaluated to give (see appendix C) 

F( p, At, Ax) = e -O/2)p2 ar e ' p a x ,  (41) 

so that eq. (29), 

dp e, pax 

K° = (27"/') 4 f(m) + f(p) ' 

becomes the standard propagator 

f dp elp ax 
K0(Ax) (2,rr)4 p2 + m E. (42) 

Thus the diagram of figs. 1 and 2 are now given exphcitly from (30) and (31) as 

grll=l(a , b )  g~ 2) g~ N) f d x  (1) dx (2) alp(l) exp[ip(1)(x(1)m;a)]  1 " 2 . . . .  g(le )1 (27r)4 (p(1))2 + 

1 1 dk _,kx~l~l) fi~z),k.~2) 
x 2 (2704 k2 e ' e 

dp (2) exp[ip(Z)(x (2) - x(1))] dp exp[ip(x b - x(:))] X - -  
(2~.)4 (p(2))2 + m E (2~r)4 pZ + m 2 , 

or, performing the x integrations and the p(1) and p(2) integrations, 
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Krll=l(a , b ) =  f i  k'(') ~e 2 f dk dp e 'e(xb-x~) (p -- lk)2 
,=2 **0 (2,rr)4 (2rr)4 (pC + m2)-)-~7)¢)2 + m e] k 2 , 

and, similarly, 

gq2=,(a,b)  = 1-I KI/) dxl l) dx~ 1) exp[lp~')(x(~) - xl)] dp~ '  exp[ip~t)(x~' - x~)] dp~ ~ 
;=3 (p(ll))2 + m21 (2.tr)4 7-~Ti7~-  .72- ( t ,2  j 4 

1 1 dk -'k~ 1' [~ , |1 )~1)  (1) 
x ~(lele2) 2 (2~-) 4 e k2 e 'k~: 

(1 exp[ip~(xb--x(~l))] dp~ exp[lp2(x~-x2')]  dp2 
× 

pI2 + m12 (2)0, p22 + m22 (2rr)4 

b a b a N 
f dk dp, dp2 exp[lpl(x, - x~)] exp[lp2(_x2 - -x2) ]  I-I 

= J( lele2)  (27r)4 (277.)4 (2,fr)4 --5---  "-'2 2 ,  2 .t.t Pt + m~ P2 #- m2 J=~ 

exp[ik(x~-x{)] (p~ + ½k)'(p2- lk) 
X 

k 2 [(p,  + k) 2 + m2,] [ (p2-  k) 2 3 v m221 ' 

which can also be written alternatively in terms of the incoming momenta pill and p~l, 

N f Kq2=l(a, b)=,=3H K~ ') ¼(le,e2) (2~r)4 

explik(x~ - xb~)l × 
k: 

dpC11) dp~l) (1) b a (1) b exp[ip,  (x 1 - Xl) ] exp[ip 2 (x 2 2 x 2 ) ]  
(2rr) 4 (2~r)' -; ~-L-~2 7 - 5  tPl ) ± m1 (p~l))2 + m2 

_ 2 (11 2 [(p{1) k)2 _{_ m l ] [ ( p  2 + k)2 _}_ m2 ] 

(43) 

(44) 

(45) 

2 2 A: mteracuons m scalar electrodynarmcs 

The A 2 interaction, according to (33), is 

f d¢ Win t ~-~ --~ e t 

with AZ(x;) given by (36) We thus have the phase factor 

ejem dk dq 
exp(--121 f d"r ~ el j,mE (2,ff)8 f ~ 7 d"r] d'r m 

x exp[-i(k + q). x,(r)]/~'(r,)  exp[ik • x,(rj)] l~m(rm) exp[lq" xm(rm)]) 

(46) 

(47) 

Expanding this, we reduce the path integral (8) to free propagators multlphed with ordinary integrals at 
the interaction points as in eq (21) It IS best again to begin with lowest-order terms We shall show 
that the lowest-order terms from (47) reproduce the graphs shown in fig. 3, and in the limits the graphs 
of fig 4 For fig. 3a we take in the expansion of (47) the first non-trivial term with l = 1 (particle 1) and 
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q 
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I 

f 
/ 

.. k 

f ~  

/ 

/ / 
t k /  

I 

q ~'..~= _(1) 
I '  1 

% 
/ 

~\ / t  

/ 

/ / 
, e  j 

1 2 
2 1 2 1 2 

(a) (b) (a') (b)  
Fig 3 Fig 4 

] = 2, m = 2 (particle 2) The propagator according to the general formula (21) is then, using (41), 

g(a, b)= f f dS 1 dS 2 e -'m2sl e -'m2s2 dT~ 1, dT~ 1) dT~ 2) 
o 

dp~l) dx~') × exp[ip(l')(x~ 1) - x~) - l (p l l ) )2 ( 'T~  1 ) -  ~'°1) ] ~ - ~  

2 dpl 
X e x p [ l p l ( X  ~ -- X~ 1)) - - l p l ( S  1 - ,./.~1))] (2qr)  4 

1. 2 2 dk dq e-~(k+q)x~l) e~kX~ 1) elqX~2)fi~l), fi~2) 
x (-~l)(ele2)  (2~.)4 (27@ k2q 2 

dP~ ') dx~X) x exp[ip~l)(x~ 1 ) -  x ~ ) -  1(p~1))2(~-~ ' ) -  "r~)] 

dP~ 2) dx~2) × exp[ip~E)(x~ 2) - x~ 1)) -i(p~E))Z(r~2) - r~l))] 

dP: 
× exp[lpE(x ~ - x~:)) -lp22($2 - r~2))] (2Ir)4 • 

The time integrations are performed first and then the dx °) integrations, finally the dp °) integrations 
(see appendix D), and we are left with (r~ °)= z~ °) =0)  

K ( a , b ) = ( _ l i ) ( _ l  22 f dpa exp[lpl(Xb~-x~)]2 
zl)(e'e2) (2ir) '  p21 + m 1 

exp[iP2(X ~ - x2) ] dp2 × 
2 2 

P2 + mE 

dk dq ( P 2 - ½ q ) ' ( P 2 - q - l k )  
(27r) 4 (2 r) 4 k2q 2 

exp[i(k + q)(x 2 - Xl) ] 
2 ° (27r) 4 [(PI + k + q)2 + mZl][(p2_ q)2 + m2][(p 2 _ q _ k)2 + m2z] 

(48) 
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Similarly, for the self-energy diagram, fig 3b, we have l = 1, as well as ] = m = 1 (all particle 1) Hence 
from (47) (dropping the subscript 1, since only one particle is revolved) 

f ~ e 2 . e . e  dk  dq g ( a , b ) =  dSe-~m"sdT"(l)(½1) ~ ; ; ~  k 2 q? -dr'21dz(3t 

0 

dp(~) 
x exp[lp('/(x (1) - x ~) - l(p('l)e('r (11 - z")] ~ dx (11 

dp(-'l X exp[lp(2)(x (2) - x (1) - 1 ( p ( 2 ) ) 2 ( 7  -(2) - r ( ' ) ) ]  ~ - ~  dx  (z) 

X e-l(k+q)x(1)lO(2) • /~(3) e,kX( 2~ elqX (~) 

dp (3) dx(3) x exp[lp(3)(x (3) - x Iz>) - l(p(3>):(r (3) - ~.(21)] 

dp 
x exp[lp(x b - x (3/) - 1p2(S - r(3))] (2zr)4 , 

giving, after lengthy, but by now straightforward integrations 

f dk dq 1 e lp(xb-x"l dp ( p - q -  ½k) ( p -  ~q) 
K=(½i)  e4 (27r)4 (27r) 4 k2q 2 ( p 2 + m 2 ) 2  (27r) 4 [(p-~ -@+-~][-(-p q)Z+m2] (49) 

The results (43), (44) or (45), (48) and (49) agree with those of standard quantum electrodynamlcs (cf 
Blorken and Drell, refs [1, 2]) 

2 3 Seagull terms 

hm "seagull" diagrams of figs 4a and 4b are obtained from (48) and (49), by letting the two Th e  r(1)ltlng (2) j (2) (3) 
points and z 2 anu r I , z~ , respectively, approach each other In (48) the limit IS 

( P z - q ) 2 ~ ° c  or 

In (49), 

( p _ q ) 2 ~ o o  or 

Then 

( P 2 -  q + ½ q ) ' ( P 2 -  q -  lk)  

(P2 - q)2 

( p - q - ½ k )  ( p - q +  lq)  

(p _ q)2 

1 2 2  f dPl dp2 dk dq exp[lpl(x~ - Xl) ] exp[ip2(x ~ -  x2) l 
K = - ~ e l e  2 (2,n.) 4 (271.)4 (2,/7.)4 (27r)4 p~ + m21 p~ + m22 

× 
exp[l(k + q)(x~ - x~)] 

2 , ( 5 o )  
kZqZ[(pl + k + q)2 + ml][(p 2 _ k - q)2 + m22] 
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and 

( dp dk dq e 'p(~b-~°) 1 
K 4 

J (27r)4 (270. (2,rr)4 (pZ + mZ)Z kZqZ[(p _ k - q)2 + m ~] • 
(51) 

3. Spinor electrodynamics 

3.1 The actton for  classical spinning particles 

We have to introduce spin variables for the electron into the classical action principle. The action is 
given by our starting equation (1). We have to specify now the free phase space action L ° and the 
current 1~ for the kth particle. They are 

Lk o /~k k/~p- , = - ~ ( f kZ ,  - ZkZk) + P~A , - fk3?'Zk) (52) 

and 

]~(x) = ekZk 3'"ZkS(X ~" -- X~(I")) . 

Here (x~,, p,,) are the conjugate co-ordinate and momentum variables, and (z, if)  another pair of 
conjugate (internal) spin variables; z0" ) is a c-number four-component spmor and f = z+y°; ~'k IS a 
constant of the dimension of an action. Thus the whole phase space consists of F = (x~,, p~,; z, 27), and 
M @ C  4 is the configuration space z E C 4. In the above action p~, can also be viewed as Lagrange 
multiphers for the constraints x = Zy~,z The  Lagranglan (52) describes a symplectic system; the 
Hamdtoman, Polsson brackets, equations of motion, and other group properties of this particle have 
been given in ref. [9]. The variables f, z can be substituted by spin variables so that another set of 
dynamical variables are F ' =  (x~,, p~,, v,,, s~,~) and the velocities x~, = v~, are independent of the 
momenta p, ,  a property of the spinning electron. The theory has also been generahzed to curved space 
[14], to Kaluza-Klem higher-dimensional form [15], and the world line has also been generahzed to 
strings and membranes [16]. The canomcal quantization leads precisely to Dir~c equations [9], so does a 
Schrodinger picture quantizat~on [17]. The path integral quantization of the free particle has been 
initiated [10, 11]; we shall elaborate it here in more detail m connection with the perturbation theory 

3.2. Path integrals wtth spm  

The general theory of section 1 apphes, in particular, the basic formula (21) and all other examples. 
All we have to do is to specify the F function (20) defined m the free propagator and expressed as eq. 
(25). In the definition of path integrals for spmless particles one simply integrates at tlme-shced 
intermediate points over dx (/) and dp (j) with the measure given by the classical action, eq. (8). Now we 
have also spin variables, f,,, zt~. We will integrate over these, but must account also for the spin indices 
a , / 3 , . . . .  We shall obtain a procedure to adjust the spin indices at adjacent intermediate points and 
thereby also obtain an interpretation for the matrix indices a,/3 of the quantum propagator K~g(a, b).  
It represents the propagator for fixed initial spin a at the initial point x a and fixed final spin/3 at the final 
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point x b Starting from x ~ with d i  n we take the action which takes us to the spin component  ~r, then 
starting with o- at x (1) we go to spin component  7, etc 

X a x (1) X ( 2 )  x b 

I I i 4 

cc e 7 

But we must add up the amplitudes over all intermediate ~r, y, values, keeping a and/3 fixed This 
much for free propagators At  the interaction points we further have to insert, according to eq (21). 
the interaction terms L(x  °), x(;)), which by (23) and (52) are 

1 ( dk  1 -( ')  -¢~, (J)) J -- 1 KX I -- e IKYm 
L(x} '1, x m ~ (27r)4 k2 eytyUzt e emZmy. Z m (53) 

We now write this procedure exphcltly in formulas Consider a section of free propagator between 
two interaction points, 

a X (1") X ( 2 )  X ( n + ] )  b X = x 

I I I t 

Z ~  / "  / /  
/ / • / / • 

a ~ " " ( 1 )  / " ( 2 ) ,  / t / Z b 
z a z 7" zd 

"-( ' )  and one dz (j) integration, the indices are as shown At each intermediate point x (j) we have one az~j 8, 
above This is the meaning of the propagator matrix element K.~ We have thus, with eq (52) 

fn(_[ldp(J ) .-(1) n+l (1Z/ l~I (1/~ dz ¢j) 
K%B.+I(a, b)  = ffI dx ('' I~ ~ t3, ) 

] 1 ~ 1=i 1=1 /=l 

x exp{lp(J)(x (j) - x (j-l))  - lZT~)[0Al + eP (j) r)~,~,'~t~ " ~ .(ji _ lAZy, l/~-~)]} (54) 

In the last step we have used the identity 

d 
ll,~.(2"Z -- ZZ) = 11)[ ~ (Z~2) --1,~2~2 (55) 

The total derivative (d/dr)(Y.z) can always be absorbed into an overall normalization or measure of the 
path integral, since it depends only on the end points [10] Classically (27z) is a constant of the motion if 
equations of motion are used [9]. 

The x (j) and p(J) integrations can be done as before, gwlng 

p(1) = p(2) . . . .  p n + l = p ,  f ( ~ ) ~ e , p . ~  o ) 

Now one of the factors in the z, :~ Integrations has the form 
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I =  f d'~('')~-~,A dz(~J) exp[- , i ] ' )  (,AA.~z(~ I) - B.~,z(~J,-1))l , 

where A~o = (I + (e/ iA)p.y)~t3,  B~, = iA6~,, and can be integrated first over d ~  and then over dzt3 
as follows. 

I =  ,A f dz~ ') 6[,AA.t~z~ ' ) -  na~,Z( ' , - l ' l  

= f dz~') ~-~ 6 - A~t3 

- A ~  [ I + ( e / l , ~ ) p ' , / L ~  I - = ~  p .~ ,  ~, ~ + ' . .  

-1 1 = (A)~/3[  + O(e2)] (561 

We shall neglect terms of the order of e 2, because m ttme-shced path mtegratton an action must be used 
whtch is correct to order e 

At the successive points we will similarly get the factors 

I - : ~  p ' y ) , p  I - - ~  p ' y  o~,"" I - - ~  p ' y ) , ~ ,  

hence matrix multiplications, when the amphtudes are summed over lntermedmte spin radices 
p, tr, 6, . , 

(A -1 A -1 A - 1 . . . A - I ) , ~ .  

(n + ]) times 

Now we can evaluate the F function in eq. (20), then evaluate eq (25) and finally the free 
propagator K 0. Choosing 

f (m)  = m / a ,  

we have 

f ( i )  [ (  e )n+l] lira - ~ dS e -l('/")s I - ~ p .  y ~ 
e----~0 

(n+l)e=S 0 

i e-~(m/A)s e-(S/,a)p r = -1 - -A dS (e -(s/'a)(p 

0 0 

where we have used 

!lm 1 - ~  p.y]so =hm 1 1A(n+l) p" y]~ 
e---~O 

(n+l)e=S 

( 1 1  -"))~t3 = p . ~ -  m ~/~ ' 

= (e-(S/,~)p r)~t3 . 

(57/ 
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Consequently, in eq (25),)7(p) is now 

1 
p (58) 

and from (25) and (29) 

F( p, A~', Ax) = e 'p ~+ '  a, ~ p 
1 dp e 'p a~ 

Ko(AX) = ) , (58') (2~) 4 y p - m  

It remains now to perform the ordinary integrals at the interaction points Let ~-(~), ~.(2) be two such 
points, 

I I 

/ x 

I ) 1 ', t ', : ; ' ! ! 

~(~) ~(2~ S 

Now according to (21) and using (53) we have the following expression in the propagator 

dP (~) dx(~) dZ(1) _(1) ) d~.(2) F (p ( l ) , r (1 )_  O , x ( , ) _ x  ~ ) ~ _ ~  ,. dz ° dr(1 

x £(~)_.  z(,) -,t~(,) dk  (p(2) 7(2) r(l) X(2)_X(1)) dP (2) dx(~-; ~-(2) ~ (2) 
. y~, p e k- 5 - F  - . ~ az~ uz~ 

£(2). _(2) T(2) ' _ x(2)) dp 
z v .j, 8~  e 'k~ l :>F~(p ,S-  f f  (27r)4 (59) 

The interaction now multlphes the change of the spin index by a factor 2(1),?'z(1) w~thout the 
t r  I p , 

d -(I) integrations. All the general formulas interaction this factor would be one with the same d£~, 1) zp 
apply as before Since the interaction depends only on the z co-ordinates, ZyUz, it is sufficient to look at 
the intermediate z-integrations; the lntermedmte dx (~), dp (~) integrations are as m free propagators So 
we have, for example, 

f dZ(1) p- Za _(l) Z(1)_ ~' Z(l) exp{_ly(1)[(1Ai + sp(l~ (1) (60) 

which we write as the derivative of an exponential integral 

- 1  d 
e L = .  Y~, le d(p(1) .y)=p 

f dZ(1) dz( ) exp{- Z  >[0aI + × I> 
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The integrals have been done m (56). Hence 

~¢:p ~, -A d (1_  e p(,) ) [ l+O(e2 ) ] ,  
=3`o-0 e d(p(1).y)~p 1~ "3` ,~p 

which in the limit e--* 0 gives simply 

= r L  (6o') 

Compared to scalar electrodynamics the interaction vertex (fi(~). fi(2)~,) is replaced by (3`~'. 3`~,); the 
former by the way is the correct non-relativistic limit of the latter. Formulas (30) and (31) now become 
explicitly, wah the correct ordering of spin summations, and referring to figs. 1 and 2, 

N f K,.=l(a, b) = [-[ K~ ') dx (1) dx (2) g 0 ( p  (1), X (1) -- X a) 
1=2 

dk 1 e 2 
× k 2 2 (2rr) 4 3'~' e-~kX°)K°(p(2)' x(2) -- X(1))3'~ e'kx(Z)K°(P' xb - X(2)) ' 

with the matrix 

(61) 

dp e ~p ax 
= (62) Ko(p,Ax) (27r) 4 3 ' ' P - r e '  

and 

N f Kr~2=l(a,b)= I] K~ ') dxl~' dx~ 0 Ko(xl~'-x~) 
)=3 

X 
1 1 dk -,*~}~... b 
2 (2.a-) 4 k 2 ely" e notX 1 -x{  I~) 

x Ko(x " " b - x2)e2r e lXo(X 2 - x~l)), 

( dp e,p a~ Ko(aX) J (27r) 4 7 : p - - - m  " 

With the help of (62) the intermediate x (') integration can 
Introducing a function S(p) by 

(63) 

now be performed in (61) and (62). 

Ko(Ax)= f (~ )4  S(p)e 'pax , 

we obtain 

N f(@~)4 d k e 2  
K,u=l(a, b) = ,=2I-[ K~ ') elpXbS(p) (2¢r)4 k2 y~.S(p - k)y~'S(p) e -'px" , 

(64) 

(65) 

and, similarly, 
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N ; 
K~<~(a, b)= ~ KI/) dp, 

" ] = 3  ~ - ~  e'P'~S(P' - k )  (-~)4 e ~ k2 3'uS(p,) 

dp2 
x (2~.)4 elP~S(p 2 + k)3""S(P2) e -'p~ (66) 

Note the three propagator funcUons that were introduced m (20), (29), (62) and (64), namely, 
F(p, Ax, At), K(p, Ax), S(p), with their meaning indicated by their arguments propagators for a 
length Ax In a time Ar with momentum p, or for any subsets of these The remaining p integrals m (65) 
and (66) say that if we ask for the propagation between fixed points x ~ and x b, the pamcles can still 
have any momenta and we must integrate over all momenta 

Finally, we pass to the scattering amphtude using eq. (E.6) of appendix E For (66), for example, 
the scattering amphtude for two spm-I particles in the Born approxlmauon for fixed mltlal and final 
momenta is 

, ( a - f - ,p]x~- f e-,p~x) S(Pt~, P~, Pf2, P ; ) =  dXl dxb~ u~(p,)e u2(p2 ) 3 

xdx2dx~ K,2(x,x )u~(p,)e u2(p2)e o (67) 

Inserting K(a, b) from (66) we get four 6-functlons from the four x mtegraUons, three of which we use 
to perform the dp~, dp2 and dk integrations, and we are left w~th one overall 3-function We then 
ootaln Pl =P~, P2 =P2, K =p~ - P l ,  ana 

1 l f t l l 1 

S(Pfl, P~, Pf2, P2)= e~e2u~(pl)S(Pl)3'.S(pl)u(Pl) (Pfl _p . )2  

- f f g a 1 4 t i I J 

× u2(P2)S(P2)3' S(p2)u(p2)(27r) 6(P2-P2 +P, -P , )  

The free-particle propagator functions S(p) acting on u(p) reproduce back u(p), because of the 
reproducing kernel property (E 7), hence we have finally 

- -  [ g 1 - -  [ 1 

)3' ul(pl u~(p, )uz(p2)Z, Uz(p2) 1 ] S(Pfl, P~, Pf2, P2)= e~e2 (p] _ p~)2, (68) 

We remark that m exphotly evaluating the x-space form of Ko(Ax ) from the Founer expansion (64), if 
needed 0t IS not needed in S-matrix calculations), one has to choose, as usual, m the p0 lntegraUon a 
contour which goes below the negative-energy pole at P0 = - E  = - ( I p l 2 +  m2) 1/2, and above the 
posmve-energy pole at P0 -- + E. This has the effect that posltwe-energy states propagate forward m 
rime, and negative-energy states backward m time and one obtains 

f ~ - ( + ) ,  b,v(+), o, f K(xa, xb)=--lO(t'--t) dp qlp tx )~Up tx )+,O(t-t ')  dp~O~-)(xb)~(p-)(x~), 
-E  

which can be accomphshed by the +le rule, 

e-lp(xb-xa) 
K(x", x b) = hm 

dp 
~ o + J ( 2 7 r )  4 3  ̀ p - m + l ~  

(69) 
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3.3. Vacuum polarization and pair production 

In order to discuss pair production and loop dmgrams for vacuum polanzation we must consider- at 
least- three interacting particles. The basic processes of a single-pair production, single-pair anmhda- 
tion and one-loop vacuum polarization dmgrams are shown in fig. 5 Figure 5a shows a lowest-order 
mutual interaction term in three-body interaction, which can now be immediately written down 
according to the procedure d~scussed in the previous sections Figures 5b, 5c and 5d show analytic 
continuation of the third particle's trajectory to pair production, pair annihdation and vacuum 
polarization, respectively. In other words, the s~gn of the proper t~me z is changed appropriately for the 
anUparticles, or equivalently, the sign of the four-momentum p~. Also in classical splnor particle theory 
the change of sign of p~ takes us to antiparticle solutions. We now d~scuss these steps explicitly. 

The propagators for figs. 5b and 5c can be written out immediately because only the portion of the 
propagator for particle 3 between x3a and x ~1~ 3 , or between X3b and x~ 2~, respectwely, has to be 
continued analytically with p~ ~ -p~. 

For the loop diagram in fig. 5d we start from the full propagator of diagram a and then identify the 
two end points x3a and X3b of the path of particle 3 and integrate over that end point, and idenUfy and 
sum over its end point spin radices (for simphclty we take equal masses for all three particles), 

o o  

[ (1 0 3 4 4 K= d X3a ) d Xab t5~3~3~ (Xaa -- Xab ) 
ct 3 , f l  3 _ ~J 

co 

× (--i / ,~) 3 J dS] d S  2 d S  3 e-t(rn/A)(SI + S2 + S3) 

× 

0 

$1 $2 $3 

f ~(1)~(2)~(3)exp(if d r  1 L°I +if dz2 L°z +1 f d ' r  3 L°3) 
o o o 

x exp{i[W(1, 1) + W(1, 2) + W(1, 3) + W(2, 2) + W(2, 3) + W(3, 3)1 } . (70) 

We expand the e 'w terms as before, eq. (16). In this expansion there wdl be terms corresponding to an 
isolated loop of particle 3, and loops coupled to one of the particles 1 and 2 (i.e. tadpole-type 
diagrams). We shall discuss here only the term corresponding to fig. 5d. 

Xlb 

Xla 1 
3 2 (a) 

§ 3 

1 (b) 2 

Xla 
3 3 2 ~c'~ (d) 

Fig 5 
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The reason for the three-dimensional d3x3a integration in eq. (70) lS that there is a &funcnon m the 
propagator K0(x, y). Writing K 0 in the form 

if  i i fdPelP(~-y) ~-m) Ko(x , y ) = - ;  Ko(S) dS=- -A ,  dS ~ e '(s/A>~" , 
0 0 

and performing now the d4p integration first, we get 

1 f ^- f fm/A)S~4[ . .  Ko(x, y ) =  - ~ dS c o t x .  - y .  + (S /A)7 . )  
0 

We then integrate over S with 6(x ° - yO + (S/A)7o), 

Ko(x, Y) = -170 elm(xo-Yo)Y°t~(3)(X _ y + (x o - yo )y °~  ) (71) 

This Green's function is a reproducmg kernel with the scalar product ly o d3x [7, p 264], as It should be, 
l e ,  

Ko(x , y) = J d3x ' Ko(x , X')lT°Ko(x ', y) (72) 

Indeed, with (71) we get 

Ko(x , y) = [ d3x ' (-17 °) e'm(x°-x6)r°t~(3)(X -- X' + (X o -- Xo)T°'y) 

X (170)(--1~ O) elrn(x()-YO)YOf~(3)(X ' Y + (Xo- YO)Y Y) 

= - - 1 ~  0 elm(xo-Yo)V°f~(3)(X - - y  + (X o -- yo)yOy) 

The relevant lowest-order expansion terms of e 'w corresponding to fig. 5d give 

K = ~ G3~ f d4x3~ ,~¢4>(x3o x3D17 0 3 - d X3a 
ct3fl 3 

oo 9 

f ~-'(m/A)(SI+5~+S3) ( e ~ ]2 dk  dk '  
X ( - - 1 / ~ . )  3 d S ,  d S  2 a s  3 t~ - ~ )  k 2  k '  2 

o 
S 1 

x f  ~(1)exp(1 f d7l L~) 
0 

$3 

xf  I~(3)exp(1 f d'r3 L~) 
0 

S 2 

0 

S 1 

f M,(,'I k) 
0 

S 3 5~ 

0 0 

S 2 

f dr~l) M t¢ (I) k) 2 \  2 , , 

0 
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where the functions M,(z; k) were defined in eq. (14) and the four interaction times ~.~1), ~.~1), z30), ~.~1) 
are shown in fig. 5d. With the methods already developed we obtain immediately after the trace 
operation E~3t~ 3 8~3t33 and 6-function integration 

K = e 4 f dXl(~ "(1)) dx3(~'~ 1)) dx3(~'~ 1)) dx2(7~ 1)) 

X K o ( x 1 , x ( , l ' ) K o ( x ~ l ' , x b l ) O ( x ~ l ' , x ~ l )  ) 

( 3 a (w  o d x3) Tr[Ko(x3, "~3-(1)X V )/x0t,'~ 3[~(1) , X;(1))Ko(X,3(1), X3)] X J 
X O(x;  (1), (1) a (1) (1) b xz )Ko(x2, x2 )Ko(x2 ,x2).  

Using Tr(ABC)= Tr(CAB) and using the property (71) we have finally 

K :  e 4 f dx~ ]) dx~ 1) dx; (1) dx~ 1) [K0(x~, a'l~'(1)X)/X0 ['/~ 1 V  t'..(1) , X 1 ) ] D ( x  l b  (1), X~1)) 

×Tr[Ko(x~l), ~.,(1)~t (t,.(1), ,.(1)~m¢,.(1) (1) " x(1)~K (x 0) x~) (73) "~3 l'=0~,a'3 ' ' 3  )IXJl,'*3 'X2 )Ko(xz, 2 t Ok 2 ' ' 

which IS the standard expression for diagram fig. 5d. 

3 4. External field problems 

In this section we consider finally the interaction of particles in a given external field A ext The 
interaction action IS 

f AeXt'x '" 'x" f Wmt - dx ~, t )1 [ ) d~" 2 - P" ext = = -  e,,zk(r)'r zk(r)A. (x&)) 
k 

From our general theory it is now a simple matter to write down the propagator. At each interaction 
point X~k ') the factor 3?' is now replaced by y"A~Xt(x~')). To lowest order we get immediately for each 
particle 

g(1)(a , b) = i(le) f dx (1) Ko(x 0) - x~)y • A(x°))Ko(x b - x (I)) (74) 

For a Coulomb field, for example, y.  A = y°A o = y°Ze/r. Now the dx (1) integration must be done with 
the external field Ar(X(1)). But we can pass to the S-matrix using (E.6) and (E.7) and obtain 

S(p f, p') : e f dx (1) d(pf)y  • A(x(1))u(p'),  (75) 

with properly normalized u and tL 

4. Conclusions 

We have derived the rules of perturbative quantum electrodynamlcs and the ensuing Feynman 
graphs directly from classical particle trajectories by the method of path integration. Field equations 
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and field quantlzatIon have not been used exphcltly For covarlant results the corresponding particle 
equations must also be covariant, I e in proper time In the case of spin- 1 particles we have used a new 
classical model of the Dvac particle which on the classical level exhibits spin, zitterbewegung and the 
motion of antiparticles Pair production and vacuum polarization can therefore be treated as well Thus 
we have a new and more direct and intuitive approach to quantum field theory 

Appendix A. Classical equations of motion 

Our Lagrangian is always of the form 

L = Lpart 4- L,. t + Lfield , (A 1) 

as gwen m eqs (1), (33) or eq (52) And we obtain correctly both the equations of particles and fields 
For the spInor case the equations of motion are 

x = z-y~ z ,  p~ : e£y"zA,,~ , 
(A 2) 

i. = 17.'y~p~, , Z = - - l p u  TUZ , 

and the Maxwell equation 

F ~''' = e~y ~'z (A 3) p 

From (A 2) 

d 
d--~ (p"  - e Ar  )=  eF x '  (A4)  

Our method was to eliminate An, and therefore ehminate the term -~, f dx F F ~ m favour of 
+ ~ f dx L ,A ~' We remark again that ff this is done one can no longer use the reduced Lagrangian to 
derive the equations of motion 

Appendix B. Scalar limit of the classical spinor theory 

The scalar limit of the splnor equation amounts to suppressing the internal co-ordinates z, ~ We now 
take the following hmlt m eq. (52). 

ZZ, z - -+(p u - e A  ) £ z ,  (B 1) 

which replaces the velocity x~, correctly by the kinetic momentum (or velocity) of the scalar particle, 
and £z is a constant of the motion [(d/dr)(£z) = 0] 

Furthermore, neglecting the flee kinetic energy of the internal variables, we obtam 
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L__>p~,x ~, _ p~,(p~, _ eA~,)iz + eA~,(p~, _ eA~,)iz =p~x  ~ _ lp2 + ep~,A ~, _ ½e2A 2 ' (B.2) 

with ~z = 1, which is precisely the action (33). 
In this form of the Lagranglan the current is 

] ~ = ex ~' = e(p ~ - eA~'), (B.3) 

and the equations of motion 

= ] ~  

(B.4) 
d 

= v - e gvx p~ eA~,~x or -dT (p~ eA )= F 

Appendix C. Propagator for spinless relativistic particles 

For completeness we give the path integral evaluation of the propagator for a spinless relativistic 
particle, 

T 2 

F : f ~ i  1 dp (' ' ,=1 ( -~ )  4 ~I dx( ' )exp( '  f d r ( p ' x -  Ap2)) 
"r I 

where A is a Lagrange multiplier, A = ½ if r is the proper time. The exponent 

n+l 
E = l ~ [p( ')" (x O) - x O-1)) - h ( p ( ] ) ) 2 e ]  

1=1 
with Ar °) = e ,  

IS 

E = i(p("+~)x b - p°)xa + x(1)(p (~) - p(2)) + x(Z)(p(2) _ p(3)) + . . .  + X(,)(p(,) _ p(,+~)) 

n+l 
E (p(1))2. 
/=1 

integrations we get 6(p  (1) _ p ( 2 ) ) ,  8 ( p ( 2 ) _ p ( 3 ) ) , . . . ,  6(p( , )_p( ,+~)) .  Hence we can 

(c 2) 

(C.1) 

From the x / 
perform n p-Integrations, leaving pn+l = P. Hence 

F =  f ( ~ ) 4  elp(xb x,) e-~(E/2)(n+l)p2 . 

But (n + 1)e = r 2 - ~'1, so that 

F(Ax, A'r)= f ( ~ ) 4  e'PaXe -('/2) a'rp2 
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Now we integrate over all times At, 

K = f d(kr) e -(1/2)m2 Ar (,/2)p2 ar (21r) 4d---p--p e, p a~ 

( dp e 'p Ax 
) (27r)4 p2 + m 2 

(c 3) 

Appendix D. A lemma on time integrations 

For each pamcle we encounter a senes of time mtegraUons, 

f I I o p(,) p(a) 6a) 

~(.) 
I 

p 

$ 

of the form 

oc S r (4) 

i x  f dSe-,lf(p)+f(m)l f dr(n) . f dg(3)exp{_lr(3)[f(p(3))_ f(ff4))]} 
0 0 0 

r (3 )  _(2 

x f dr '2) exp{-lr(Z)[f(p '2)) -/(p<3))]} f dr(1) exp{_,r(,)[f(p,,)) _ f(p,2,)]} 
0 0 

We can prove by dvect computaUon that 

(D 1) 

(-')"+ ' (D 2) 
I x  [f(P) +f(m)][f(p(.)) +f(m)].  [f(p(') +f(m)] 

Appendix E. S-matrix from the propagator 

Again for completeness we give here the formulas for the acUon of the propagator K(a, b) on the 
states and for recovering the S-matnx elements or amphtudes from K(a, b) 

Let the lmtlal many-body state be 

1 a __ a ¢,o(x )= (x, ~14,'), (E 1) 

where x" = (x~, x2. 
obtained by 

a 
X N )  ~ Ol x (0{ l  ' ~ 2 ~  

o . , o~(x, x )¢,o(x ) 
a 

, ClaN) being the spin mdmes, then the final state is 

(E 2) 
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which can be written in the bracket notation as 

(x b, [3l~b f) = ~ (x b, [3Ix a, a)(x",  al~O' ) . (E.2') 
t2 

Thus a completeness relation is implied, 

~ dx a Ix a, ol><x a, ol I = I .  (E 3) 
ot 

The S-matrix is defined by 

sf' = (6 '1~ '>,  (E.4) 

which we can now expand as follows, using (E.3) twice, 

< q/I xb, [3 > (x b, [31x a, ol > <x a, 011~I' > dx a sf ,=  dx b 

f f  a b a  = ~  dx~dx b <~flx b, f l )K~(x  ,x  ) ( x ,  al~b'). (E.5) 

If [~') and I~b f) are momentum and spin eigenstates (p,  s), for example, then 

S(pf, sf; ff, s ')= ~, f f dx a OX b <pf, sf[x b, fl>ga[j(xa, xb)<x a, alpl, s'> . (E.6) 

Here K(x a, x b) is the amphtude wxth only the end points in space-time fixed, all other quantum 
numbers are free; the initial and final wave functions then select the desired quantum numbers. But in 
the S-matrix we are not interested in the end points x a, x 6, over which we then integrate. 

In eq. (E.2), if we take the connected parts of the propagator K and require that ~' - ~b f, we can 
regard this equation as an Integral equation for the stationary or bound state ~b. This is then essentially 
the Bethe-Salpeter "equation"; K then is a reproducing kernel. For free stationary particles K 0 is 
already the reproducing kernel and (E.6) reduces to 

So(p',s ; p',s') , , - s ,  . . . .  , = p )u,~(p),,t~utj = 6(p ~ - p  )6,~,. (E.7) 
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