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Dedicated to R P. Feynman (1918-1988)
on the occasion of the 40th Anmwersary of Path Integration

Introduction

There 1s an advantage in looking at familiar things from new points of view. Different formulations
of a theory have always been very enlighteming in physics. They usually have different starting points
and a different set of 1deas. Perturbative quantum electrodynamics and the ensuing rules for Feynman
graph expansions can be based on at least three different approaches: (1) The standard operator
product expansions mn quantum field theory [1]; (2) the Green’s function expansions [2] and (3) the
S-matrix unitarity expansions [3]. In addition, there are various non-perturbative approaches [4, 5].
There 1s still another approach to perturbative QED, namely via the path integral quantization of
classical particle trajectories. This 1s the subject matter of the present work, and, to our knowledge, has
not been treated before. Of course, path integral methods have been applied to classical Maxwell and
Dirac fields to perform second quantization with functional integrals | D(y) D(¢) D(A, ). But what we
have 1n mind here 1s not to start from Dirac fields but from classical particle trajectories and quantize
only once, and only the particles, with functional integrals [ @(x) @(p), and by eliminating the
electromagnetic field, to arrive at the Feynman rules.

The development of the idea of path integral formulation of quantum mechanics has been reviewed
by Feynman [6], where he also traces his attempts to apply this method to the Dirac electron with spin
and s solution of the one-dimensional case with zig-zag paths of a charge with velocity ¢ [7]
(one-dimensional zitterbewegung). He also recounts his ongmal idea of quantizing classical elec-
trodynamics starting from a classical action-at-a-distance Lagrangian between the particles. These two
problems have remamed unsolved; m the meantime Feynman, Schwinger and Tomonaga have
developed quantum electrodynamics from other points of view, based on the second quantization of
fields. Remembering that “perhaps a thing is simple if you can describe it fully 1n several different ways
without immediately knowing that you are describing the same thing” [6], we address ourselves to these
two problems: path integral quantization of a spinning electron in 3 + 1 dimensions and path integral
formulation of both scalar and spmor quantum electrodynamics starting from an interparticle classical
Lagrangian

Up to now there 1s no denivation of quantum electrodynamics directly from a classical particle action
To quote Feynman and Hibbs [7] “for a relativistic particle with spin the amplitude cannot be described
by a simple path integral based on any reasonable action”, and “. .. and because spin takes discrete
values 1t has been difficult to suggest for it continuous paths subsequently to be summed over so as to
obtain the quantum propagator” [8]. We can now present a solution to these problems thanks to a
better covariant classical model for the electron, one which contains spin and the notion of antiparticles
already 1 the classical domain, and is in a one-to-one correspondence with the Dirac theory n
canonical quantization (1.e. Poisson brackets replaced by commutators) [9]. If there 1s a one-to-one
correspondence in the symplectic formulation there should also be a one-to-one correspondence
between classical paths and the Dirac propagator. In fact the Dirac propagator K is a matrix, and each
matrix element K, ; refers to a propagator with initial and final spin indices being fixed, m addition to
fixed imtial and final positions. We shall give a prescription of how the spin indices change and are
summed along the path. The application of this new classical model of the Dirac electron to the path
mntegral of the free electron has already been initiated [10], as well as a prelminary apphcation to
perturbative theory [11].
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In section 2 we give a general perturbation theory of the path integral formulation for a system ot N
particles with arbitrary free Lagrangian L, and interactions of the type j, A" via any vector fields A,
The general expansion formulas for the propagator are obtamned m terms of free propagators The
theory 18 then apphied 1n section 3 to scalar particles which have no spin complications but additional
A’-interactions, which are separately treated, and then 1n section 4 to spinor particles, where we discuss
in detail the treatment of the spin indices along the paths [12], we also treat processes involving vacuum
polanization and pair production Finally we discuss the external field problems

This paper 1s intended and so written that a reader with a knowledge of classical mechanics and of
the notion of path integration only can completely reconstruct perturbative quantum electrodynamics

1. General theory
1'1 The action of classical electrodynamics
In order to derive the covariant Feynman rules by path mtegration 1t 1s most convenient to start from

an action integral over an invanant time parameter 7 For N particles interacting via the electromagnetic
field A, the action will be taken to be

(fdrk [dx],‘:(x L (x) ——J'dxF'” , (1)
where Lz 18 the free Lagrangian of the kth particle and j, (x) its current, both of which we shall specify
later for scalar and spinor particles We use units with c = =1

Using the resultant Maxwell equations and assurung that the fields vanish at infinity we can write by
partial integration

1 o _ lj N
4fdxFMF =+ dxA#(x)El J4(x) (2)

because F** = —i (x) Hence the action (1) can be wntten mn a simpler form

i 2 (Janei-3 ] arcan,co) 3)

The reduced Lagrangian (3) can no longer be used, however, to derve the equation of motion
Next we express the field A, (x) in (3) in terms of the current itself by solving the Maxwell equations
n the gauge A =0, that 1

= g] Jk - (4)
as
4,0= ] 06-nZ e, )

where the Green function D(x — y) will be specified explicitly This leads to the third form of the
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action,

w=3 ([anrt-3 S [acjzeone- o) =w,+ W, ©

ext

If there 15, in addition, a fixed, non-dynamical external field A, (whose sources are far away, or are

non-dynamical), we have one more term 1n the action,

W= =] e A7) 3 1200 )

Equation (6) parallels in field theory the action of N interacting Dirac fields ,(x), when A (x) 1
eliminated [13]. Note further that here self-interactions are included (k =m terms), in contrast to
Feynman-Wheeler absorber theory, because the boundary conditions are different.

12 Path integrals for propagators of N classical particles

We propose to determine the propagator K for a system of N particles with action (6) by the
following path integral in phase space:

=< S’
N
K(a, b) =] f ds, e /s j a(r) exp(i f dT,L?> e Mm (8)
= 0
Here (a, b) stands for (x,,, x,,, ..,xy,) and (x,,, X,,,. ,Xy,), the co-ordmates of the fixed nitial

and final points a and b. Each particle r has an arrival “time” S, between a and b, and then we integrate
over all possible arrival times §, from 0 to © with a measure of 1ntegrat10n exp[ 1f(m)S$,] for these
different arnval times. This factor can also be put as a mass term mto L. The function f(m) shall later
be specified for scalar and spinor particles. The measures 2(1), 2(2), ..., D(N) stand for the actual
path measure for each particle defined by the time-sliced integral elements in phase space,

where (d¢,) stands for the other possible internal co-ordinates, agamn to be specified later mn the case of
spinning particles. In the case of spinning particles in fact K(a, b) will have spinor indices which are for
the moment suppressed.

The formulation of QED based on (8) 1s, we believe, new. We shall explain, as we go along, how
this equation 1s interpreted and applied to explicit processes.

Next we write the term exp(1W,,)

1 3. The expansion of the interaction W,

mt
We first use the Fourier expansion of the D function,

1 ﬂ’f —1k(x—y)

D(x—)’)=—z2'7‘7)—4 el ,

(10)
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where the contour of integration in k'-space (corresponding to the boundar conditions) will be
g Y p g y

specified later, to express W of eq. (6) as
—tkx_m 1ky dk
Wa=3 2 oo dedyff‘(x)e e &
) = I (11)

_2,,"(2)

where j“(k) 1s the Fourier transform of the current j*(x)
In classical mechanics the currents have &-functions along the world line of the particles, 1 e ,

P =e | dralx— x()0). (12

so that we evaluate the Fourier integrals over dx, dy immediately and obtain a purely “action-at-a-
distance” 1nteraction 1n terms of the particle co-ordinates alone,

[ 2 €,6,, fd dr _7 /t ('T’) eﬂkxz(f')]m(Tu) elkxm(q— )
W 2 277 ;L

ee " "
—Eg(zﬂ)fdd — M/(k.7') M, (—k, 7"

=fd~r’ dr" L, -_—JdT[ dr, 2 ee, L(x,(1), x,(7,)) . (13)
I'm
where we have introduced the quantities
M (k, 1) =i (r) e 7, (14)

and the dot product (M - M) means the usual four-vector product
Now in the time-shiced path integrals we have the exponential phase factors

exp<1fd7’ dr’ Lm,) =exp(1fdr' dT"E ee, L(x,(7"), xm('r”))) , (15)
I'm

where L(/, m) represents the interaction between particles / and m (including the self-interaction / = m)
as defined i (13) For a perturbative treatment of the path integral we now expand the phase factor
(15) i powers of (ese,,),

=TT 3 (e, 15 ([ and, L), 5, 5,0) (16)

I,m r,m:()

Thus we have a product of sums of two-body iteractions (including self-interaction) of ncreasing
order A typical term in the expansion of order r in the couphng parameter 1s of the form

(eey)”

(ee,) (fd’r1 dr, L(1, 2))’ 2m'r

(f dr’ dr” fik—’z‘ Mk, 7')- M(—k, T"))I (17)
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This expansion inserted into the propagator (8) allows us to write K(a, b) also as a sum of propagators,
K(a, b) = { 2} i K, ,(a,b), (18)
it =

where a summand

K, ,(a,b)=K

11> "12- 7220 13-

(a, b)

characterized by a set of integers r;,,r,,,... corresponds to a diagram in which there are r,
interactions between particle 1 with itself (self-energy), r,, interactions between particle 1 and particle
2, etc. The whole of the combinatorwal rules of perturbation theory i1s embedded in the expansion
formulae (16) or (18). This is more direct and simple than in quantum field theory. The complete
expression for each term 1 (18) 1s given by

o0 sf
N
o (@b=11 j ds, e %9y exp<1f dr, L?)
11 "12> T220 721
0

0

1

m "2
X (e,e,)" — ( f dr' dr” L(1, 1)) (e,e,)" :1—2, ( j dr' dr" L(1, 2))

ry!

"2
(19)

This term is of order (e,e,)'(e,e,)"?- - - n the coupling constants

14 Evaluation of path ntegrals

For each particle the time interval and the corresponding position and momentum 1ntervals are sliced
as follows:

0 3 2¢ 3¢ S=(n+1)¢
[ BS—" ——t + + T
a x =xb
Xg= X Xy Xp X3 n+l

+ + } P
F \ + + + - X

P, P
P, Py 2 Pnn l

—

We first consider all paths of a given duration S, for each particle r, and then integrate S, from zero to
infinity as indicated 1n (19). There are n x -integrations (the end points x,, x, being fixed) but (n +1)
p-integrations

With this time shcing the free particle phase factor in (19) 1s written as usual as

n+1
exp(l 2 Aff’) L?(’)) ,
=1

and 9(r) as given m eq. (9). If there were no interactions then we would perform the dp,, dx,
integrations at the discrete points indicated above. We see from (19) that a particle s which does not
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interact i a given order with other particles (r,, = 0) contributes a free propagator as a factor to the
total K In a graph 1t will be represented by an unconnected straight ine We also see that each
interaction occurs at two time points 7; and 7, between a pair of particles / and m (including the
interaction of a particle with 1itself), and this r, , times Graphlcally this will be represented by a dotted
line connecting the particles / and m at times 7, and 7,,, respectively This situation 1s particularly
suitable for the path mtegral formulation as defined by time slicing of the whole time interval § into n
intervals of length ¢ It means that we have free particle path integrals everywhere except at the points
rf'), 7,(2), 753), Since we know the free propagators, the path integrals in perturbation theory are
reduced to just ordinary integrals at the interaction points

An mteraction term 1 (19) gives a factor

$
(ee ) <f dT(l)jdffnl)L(xl(Tll)) X (T(l)))) exp( E(AT;/)L(J(1)+A ) L(J(; ))
0

We now identify dr'"’, dr'!” with any one of the time sheings so that L(/, m) depends on x, and p, at
these time points Thls means that the particle / moves freely except at defimte pomts 7", 7%
Thus perturbation theory means that we should use L, °U) at all time pornts except at certain mteraction

points where we have nteraction terms

L — } T
— 7 T Lf T A ( 1 kel
0 7V 7@
—t | I T SR S N SR - x
Xa MeY %(2)
s
We denote the mteraction pomnts by a superscript Thus we select interaction times 7', 7%, use

free path integrals berween these times, and then use ordinary integrals at the interaction pomnts

For the free motion of a particle between any two times 7" and ' we introduce the propagator
kernels F by

f@(')exp(l TJ dr LU) =

Efdx(z) F(x(Z) —X(l), T(Z) _ 7_,(1)) (20)

1 (2 (1
_X(),T)_ ))dx

We shall give the explicit expresston for these free propagator kernels F for scalar and spinor particles
later In terms of these intermediate functions F, eq (19) takes the following form

N T
(ab:nfd lf('")»‘l_l1

ry ry F
1 "2 '3 I'm rlm
(1)

dp, (1) (1 m O <1>
F(p, xh = xf, 70 oy SR g p (0 X ) d
J : @m) (2 )
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D (1) (1\/ (O 3 (1) 3 (1)

(r,7), %, (7, ) dr;” dr,,

(2
(2) L(2) (1) (2) (1)
x| E(p 2P - o )

N/«

X (ee,, ) L(x

) @ @) (@ _ 1 @) 0 dp? ®
d F s — m d
(2 ) (p X, T, T )(2 )
x (ee, ) L(x?, xP)dr® dr® .- - -

(71m times)

XJFl(pl’xl ~xm. 5, (rl"'))

F (pm, x('lm), S

m m

~ o) (21)

(2) (2)

Graphically, times and co-ordinates of the /th and mth particles are divided as follows:

7 (2)

T
———— - ——+ }—> ith particle
2
xﬁ. xg) x(z ) x E
b L L i particle
b
*m x(rP x("? Xm

Between the interaction points we have the corresponding F functions and we integrate at each
mteraction pomnt over dr", dx" and dp®.

It is best to write some lowest-order terms explicitly and evaluate the propagators, then the general
expression (21) and its evaluation will be quite clear. We shall give the lowest-order self-interaction of
particle 1 with itself (r,, = 1, all other r,, =0), and the lowest-order interaction between particles 1 and

=1, all other r,,, =0)

15 Examples

Example 1 Self-interaction to lowest order of particle 1. Equation (21) now simplifies to (with

8Y) (2) (1) (2) etc.)

m €= X, X, Dy P,

r l_l(a b) K(Z)Kg;) e KE]N) f dSl e—-lf(ml)S1

(l)

X f 4rh dr® F(p0, 2 — a1, 1 - ) L gy
ey
(2)
x i L(x, xP)F,(p®, x® = x{V, r® - <1>)(“2 5 o
X Fl(p7x1 _x12)9 S (2)) ’ (22)
(2 w)
L(x{", x “))—%(21)4 i’f JED) ) (D) e (23)
o
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S X b b
! ! S, 'rx1 S,| X2
(2)
T x(i’)
//" 1 1_(1) N
1
// z X(Z
! e
\‘ //
N ™ L7 m
4 x(:) 0 f X
X
@ L by
1 2 3 4 : N 1 2 3 4 PRI N
Fig 1 Fig 2

The graphical representation of (22) 1s immediate (fig 1) All particles propagate freely with their free

propagators K, except particle 1, which undergoes nteractions at two points x\" and x$ at times 74"

and 7\%, respectively, with itself and we ntegrate over these times and over these intermediate
interaction phase space points

Example 2 Lowest-order interaction between particles 1 and 2 We have from (21) immediately

Krwrl(a’ b) = Kf)z)K:]‘” ' K(()N) f dSl dS’_’ eAlﬂml)Sl e“‘f(mz)sz

0

d (1) d (n
(1y 3 () 1y (N 1) oy 9Py 1 1 | 1 0y 9P,
deTI dr, Fl(ﬁg ’x§ —xt]l*Tg -7 4dx§)F2(p; ),xg)—x;‘,ri)‘r) 4dx£”

5

(2m) - 7 (2m)
e L )

dp,
(2m)" "

dp,
Q2

XFl(pl’x[l}——x(ll)7SI_T(ll)) Fz(Pz’xg'x(zl)’S:_T(zl)) (24)

or graphically, as shown mn fig 2
16 Further development of the general formula Time wntegrations

We shall further develop the general expression (21) mto a composition formula n terms of free
propagators K, The F function introduced i eq (20), which 1s related to the free propagator, will be
assumed to be of the following form

F(p,Ax,Ar)=¢?* ¢ 02 (25)

We shall see indeed that for relativistic scalar and spinor particles this 1s the case, and shall determine
the function f{ p), which goes together with the function f(m) in the measure mn the | dS integration [see
eq (21)]. Now we can perform the dr'" dr(" mtegrations

In the example of the self-energy, eq (22), to begin with, we use the following well-known rule for
the change of the limts of the 7 integrations
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Sy 8, 5 "(12)

1
J'fd'r(l”dfgz)= i—!-fdfﬁz) f dTil) (26)
00 0 0

We drop the subscript 1 everywhere from now on for simphcity of writing since there are no other
subscripts in this expression. Consequently eq. (22) becomes

K, _(a,b)=KPKY - KV f dge ™S
0

s +(2)

1 dp ~ . .

X 2 dem f drtV ———(21;_)4 dxV exp[—lf(p(”)(f(” - 70)] exp[lp“)(x(” -x9)]
0 0

dp(2)

LG, 1) explaf(p ) = 1) enplip (<~ ) o

x dx® exp[—1f( p)(S — 7)) exp[1p(x® — )] (;TL)“ . @7)

(a) d7" integranon:
ey
) _ (1) O F SOy _F @) =CXP{_”(Z)[f(P(l))_]?(P(Z))]}_1
I f R e

(b) dr® integration:

exp{—177[f(p?) - A p)]}

= f dr® exp{~1r[f(p) —j(P(Z))]} -1
) =i[fp") = f(p™)]
1 (exp{—nS[f(p‘”)—f(p)l}—1_exp{—iS[j(p‘”)—f(p)l}—1)
~[f(p™) - f(p™)] =i{f(p) - f(p)] -i{f(p?) - f(p)] '

(c) Now we can perform the dS integration:

J' S e~ YmS o-F(P)S 7@ _ 1

J ~Lfp®) = ™A p™) - Ap)]
x | 4 (exp(~1S1ftm) + fp™)1} - exp(-1Sfim) + Fp)))

1
™ =TI ™) - Ap)]

x [ as (exp(~1SLfm) + F(p™)1} - exp{-1S[fm) + F )}
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o 1 ] I - 1
[f(p“))—f(p(z))][f(p(”)—f(p)](—I[f(m)+f(p(”)] _l[f(m)+f(P)])

+ _ 1 ( 1 B 1 )
™) = e NAP™) = fp)] N =il fm) + fp™)] =il fim) + A p)]
These four terms algebraically add up simply to

{[Am) + I fm) + Fp )L fm) + fpH]y !

Inserting these integrations n (27) we have

K, _/(a b)=K(2)K(3’---K(N)de“’ dp"” dx® dp” dp
rH=1 ’ 0 0 0 (277_)4 (277_)4 (277_)4

! = ) explip P — x V) explip(x’ = x2)]
[fm) + L fem)+ Fp ™) fm) + L p™)

ex
X %sz(x“), x(z))l pl

(28)

The three p-integrations nicely factorize and we recognize the three free-particle propagators We
introduce the expressions

dp elp Ax
Ky(Ax) = — (29)
’ (2m)" fim)+ f(p)
whence we can write (28) 1n the final form
K, (0, )= KPR K [t ac K - 20
X 0eiLn, ()K= KD (] = 6, (30)

with L(x!", x{?)) as given m eq. (23) This now establishes the rule for the diagram of fig 1 in terms of

three free propagators and one pair of interaction points " and x{¥

In the example of fig 2, eq (24), we use agamn eq (25) and perform time integrations,

exp{—18,[f(p”) = fp)) — 1
=(f(p") = f(py))

Sl
"= f dr exp{—1r [ f(p{" - f(p))]} =
0

Exactly the same expression holds for the dr!"’ integration, with subscripts 2, but superscripts the same
For the §, mtegration we have
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[ as, expt-as(fm,) + Feply 1

_ 1 1 ~ 1
‘—l[f(pﬁ”)—f(pl)](—i[f(m1>+f(pi“)1 —l[f(m1)+f(p1)]>
{Lfmy) + f PO fmy) + fp )l

Similarly for [ dS,. Hence eq. (24) becomes

xplipl” (¢ - x{)] dp{

fim)+f(pi"y  (@m)
1), (1) _ _a (1)
N expf[(lilz )(jzf(p ;Cz)] (dzP;)4 %lelezL(xgl),xgl))
. &xplpi @ —x1")] dp, explipy(x; - x3")] dp,
fm)+f(p,) @) fm)+fp,) @m*’

€
K, pos(a,5)= KK+ KO [ axd azg)

which 1s, using (29),
Kppes0, )= KK - K [ aa) KOG - x9)
x K" = x3) hie,e,L(x”, 1)KV (x — V)K= 137 (31)

It is now clear how to interpret and evaluate the general expression (21) for more complicated
diagrams. The perturbation theory developed here so far is applicable to any particle theory in which
the total action 1s wntten as W= W, + W _ , and where the free propagator 1s known at least in form, as
in eq. (20), e.g. nteracting oscillators, etc The more specific forms, eqgs. (30) and (31), use the
expression of the free-particle propagators in the form (25); but the function f( p) in (25) 1s still quite
general. In the next two sections we shall discuss more specific particle theories.
2. Scalar electrodynamics
2.1. The action of scalar electrodynamics

We shall now specify for a covariant scalar particle the free Lagrangian L°, the current j ,.(7) and the

mteraction term W _, used in the previous formulation. The action in the configuration space with
respect to an invariant parameter 7 is

1
W= —fd'r(%x2+eA-x)—ZfdxF,wF‘“', (32)
which leads to the equations of motion X, = eF, x" and F* = —j . It can be written as

W= —fdr [1(x + eA) — 1e°A%] - % fdx FF*. (32)
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We shall rather use the phase space action
N :
W=—fd7(p-x—Ap2+2e/\p A—/\ezA‘)—ZfdwaF’“ (33)

(A 1s a Lagrange multipher which will drop out), which i the phase space formulation of the path
1ntegrals 1s equivalent to the previous forms and also gives the correct equations of motion P
eA, x"andx, =p, — eA, (A= 3) In appendices A and B we obtain the action (33) as a limit from
the action of the spinning partlcle

Now due to the A” term, the interaction 1s not sumply of the form j“4 ,, or if it 1s written 1n this form,
J" would be 1tself A, dependent. This 1s of course the well-known peculiarity of scalar electrodynamics
and will lead, as we shall see, to two-photon, two-fermion vertices (seagull diagrams) Since we are
using perturbation theory, that 1s, the particle 1s free between two interaction points, the best procedure
1s to take the current to be the usual,

J.(n)=ep,(r)=ei[p,(r_)+p,(7.)], (34)

where p,(_) and p, (’T ) are momenta m the time slice before and after the interaction pomt 7, and
then to evaluate the A mteraction separately According to eqs (5) and (10)

1,0 == [R5 [ g el -kte - 5 o) (39)

@n)’

Using this we can dertve an expression for Ai(x),

. dkdq
Al(x) = ,E,,,(Z)f dr dr,,

X exp[—tk(x — X,(T,))] Py ()P um(T,) exp[—19(x = x,,(7,))] (36)

Care must be taken in evaluating the product of two distributions at the limiting pont 7,= 1, Consider
the A term for a single particle,

Ai(x) =e’ f dydzd7'd7" D(x - y)D(x — Z)[)_#(’T’)ﬁu (1")8(y — x(7'))8(z — x(7"))

For 7’ # 1", the y- and z-integrations can be performed giving

Ai(x) =¢’ j d7" d7" D(x — x(7'))D(x — x(7"))p(7') - p(+")

For 7'— 7" we have the product of two distributions In this case we evaluate the integrals for 7’ # "
and then take the limit

7= 1" such that p*(7})p, (") >, (37)

1e the intermediate momentum between 7’ and 7", because only at infinite momentum can the two
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particles be at the same pomnt. This procedure gives correctly the seagull diagrams of scalar elec-
trodynamics as we show in the next section.

The general formulas (21) and (22), (24) or (30), (31) hold for the j - A interaction. We have just to
insert for (23)

L(x(’) (z))_ —#(T(t)) —nkx,(r"’) (T(n) 1hx, (1)) (38)

I’m

2 (2 )
Furthermore, the measure 1 the S integration in (8) 1s now
—if(m -1 2
g S = gmmS (39)

[a mass term m’ could be added into the Lagrangian instead of (30), as we have noted, 1.e.,
L = px — AM(p* — m®)]. The free scalar propagator kernel function F in (20), 1.e.,

F(p, Ar, Ax)=f@(1)exp<1f dr(p %~ %pz)) , (40)

can be evaluated to give (see appendix C)
F(p, AT, Ax) = e_(1/2)p2 AT e Ax : (41)
so that eq. (29),

1p Ax

KO = dp 4 c p3 ’
2m)" fim) + f(p)

becomes the standard propagator

1p Ax

dp e
(271')4 p2 +m*’

Ky = | (*2)

Thus the diagram of figs. 1 and 2 are now given explicitly from (30) and (31) as

K, _(a,b)=K - K(N)de(l)d @ dp'” explipV(x"V -
ry=1\* 0 (2 ) (p(l))2+

1 1 dk —1kx(1)-(1)_p'(2)e‘kx(2)

*)] Lie*n

L 4@ enplip?® = x)] dp  explip(® ~ )]
@n' ~ (pOFem Q@m pEm

or, performing the x ntegrations and the p'* and p® integrations,
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d 1p(x®-x9) — 1k
i@, b)= HK““ | kb . (=) @3)

o @m* @m)' (P +m’V[(p-k+m’] &

and, stmilarly,

t

(a,b) = (/)fd (1)d (1) exp| 1p11)(xm x)] dpm exp[lpzl)(xm—xz)] dp,
N 1)) +m? (277) (pz ) +mz (277)

(H

~(1 1
Ak BB
ot P Pa

2(16 ez) 2 (2 ) k?_

% exp[lpl(xl _x1 ))] dp, exp[lpz(x2 ~ le))] dp,
pf+m1 (277) pv +m2 (2"7)4

dk dp, dp, exphpl(x - x7)] exp[lpz(xz DI H K(,)
(2w ) (277) (277) p1+m1 p7+m7 =3

« exp[ik(x; — x7)] (pyt 1k)-(p, — 1K)
'S [(p, + k)2 + m?][(pz - k)2 + m;] ,

which can also be written alternatively in terms of the incoming momenta p'V and p".

= i(1ee,)

(44)

N

_(a, b) =H ) 1(e,e dk_ dpi” dpi” explip;”(x; - x})] eXPllpé”(xé’-xZ)]
-3 Nem e e G rm Oy
L eplk@ -] (P -5k (k)
K (P = k) + mi(p3” + ) 4 m)

(45)

22 A® interactions in scalar electrodynamics

The A° interaction, according to (33), 1s
1
=35 ; e f dr A3(x,) (46)
with Az(xl) given by (36) We thus have the phase factor

exp< IdTE 2 ’mfdkdqdrd

e 2wy’
x exp[—i(k + ) - x,(1)] p}(7,) explik - x,(7)] P,.(7,) expl1g - xm(Tm)]> (47)

Expanding this, we reduce the path integral (8) to free propagators multiphed with ordinary integrals at
the interaction pomts as in eq (21) It 1s best agam to begin with lowest-order terms We shall show
that the lowest-order terms from (47) reproduce the graphs shown in fig. 3, and in the limits the graphs
of fig 4 For fig. 3a we take in the expansion of (47) the first non-trivial term with 1 = 1 (particle 1) and
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A (3) )
) q _ Jz(zz) ,1% A 1\ L\‘\
b . i 4 - // '6(2) -~ > N \ \\
-, A rk 71N V N A M
J‘l) 4 ) 4 \\ y / 7
1 <\ k l ! \\_7/ -’.///
~ ~ -] 't(l) q "\\:= rg‘l) }\ N )r
A y
N
F r 1 2
1 2 1 2 1 2
(a) (b) (@) (0)

Fig 3 Fig 4

J=2, m=2 (particle 2) The propagator according to the general formula (21) 1s then, using (41),

K(a, b) = f f ds, dS, e ™" e 47D g7 oD

(1)
Xexp[lpll)(x(l) 1) 1(p11))( M- 1)] (2 ) 7 dx (1)
XCXP[lpl(xl _xll)) lpl(s 1))] (2 )
dk dgq gk’ D @ gy
* e, Qn)' @n)' ke e e piY - py
1)
<exlip " - 12) =10 - 7] 2 s
2)r,.(2) _ 1) 2) 2) (1) dpz (2)
x explip; (x; )= i(p Y (e ~ )](_Z;r?dxz

x exp[1p, (x5 — x{) - 1p3(S, — ))] (2 )

The time 1ntegrations are performed first and then the dx®’ mtegrations, finally the dp®) ntegrations

(see appendix D), and we are left with (r\” = (" =0)

2 d1 1 ?‘T 2_% ‘AP~ _%k
K(a, b) = (_%i)(_ll)(ezez) (25)4 exp[l;:z(_:cmz uil) (;1]:)4 (zd;l_)‘t (p 7 k(szz 4 )
exP[‘Pz(xz —x3)] dp, expli(k + g)(x; ~ x7)]
p;+m; @m)* [(p,+k+ g +mil(p,— g’ +m)(p,—q— k)’ +m3] "
(48)
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Similarly, for the self-energy diagram, fig 3b, we have 1 =1, as well as j = m = 1 (all particle 1) Hence
from (47) (dropping the subscript 1, since only one particle is mvalved)

e ed'lf dqd (Z)d(%
Qm" k¥ ¢

K(a, b)= f as e ar (1) &
0

d ()
xexplp V= x) () - )] o e
(2))2(7(2)_7(1))] dp(z) dx®

(2) (2) _ (1)
(x (277)4 x

X exp[1p x=a(p

_ (1) _ _ (2) (3
X e Hk+q)x p(2) . p(3) elkx equ

d
x explipP(x? = x?) = 1(pP )Y+ = 7] (2p s c

d
x explip(x® — x¥) —1p*(S - r)] =g |
(2m)

giving, after lengthy, but by now straightforward integrations

dk dg 1 "™ dp (p—q-3k) (p~1iq)
@m)' @m)' Kq* (p*+m’) 2m)' [(p=k—-q@+m’l(p—q)" +m]
The results (43), (44) or (45), (48) and (49) agree with those of standard quantum electrodynamucs (cf
Bjorken and Drell, refs [1,2])

K =(}i)e!

(49)

23 Seagull terms

The limiting “‘seagull” diagrams of figs 4a and 4b are obtained from (48) and (49), by letting the two

oInts T(l) and 7(2) and (¥, 7, respectively, approach each other In (48) the limit 1s
P 1 1
2 (P,=q+29) (P, —q—2k)
(py—q) = or 2 —1
(p,—q)
In (49),

(p—q-1k) (p—q+iq)
(p—q)

(p—q)f—>= or -1

Then

dp, dp, dk dq explip,(x; = x})] explip,(x; — x3)]

2mt @n)' 2w’ 2n)’ pi+mi p>+m;
exp[l(k + q)(xz - x1)]

kch[(pl +k+q’+mil(p,—k-q)+m]’

22
K=—-}eje

(50)
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and

K= it I dp _dk dg _e"*) 1
=8

) 51
@n) @r) Qo) (7t m) Kal(p—k=af + ] 1)

3. Spinor electrodynamics
3.1 The action for classical spinning particles

We have to introduce spin vanables for the electron into the classical action principle. The action 1s
given by our starting equation (1). We have to specify now the free phase space action L, and the
current j; for the kth particle. They are

Ay L _ . -~
ng _2_1( (z, 2, '“Zkzk)*”P;(x‘l:_ZkV#Zk)’ (52)

and
)= ekz_k')’“zka(x“ - x (7).

Here (x,, p,) are the conjugate co-ordnate and momentum varnables, and (z,iz) another pair of
conjugate (internal) spm variables; z(7) 1s a c-number four-component spinor and Z=2z"y’; A, 15 a
constant of the dimension of an action. Thus the whole phase space consists of I'=(x,, p,; z, Z), and
M®C, 1s the configuration space zE€C,. In the above action p, can also be viewed as Lagrange
multiphers for the constraints x, = Zy,z The Lagrangian (52) describes a symplectic system; the
Hamultonian, Poisson brackets, equations of motion, and other group properties of this particle have
been given in ref. [9]. The varables z, z can be substituted by spin variables so that another set of
dynamical variables are I'' =(x,, p,,v,,s,,) and the velocities x, =v, are independent of the
momenta p,, a property of the spinning electron. The theory has also been generalized to curved space
[14], to Kaluza-Klemn higher-dimensional form [15], and the world line has also been generahzed to
strings and membranes [16]. The canonical quantization leads precisely to Dirac equations {9}, so does a
Schrodinger picture quantization [17]. The path integral quantization of the free particle has been
itiated {10, 11]; we shall elaborate it here in more detail 1n connection with the perturbation theory

3.2. Path integrals with spin

The general theory of section 1 apphes, in particular, the basic formula (21) and all other examples.
All we have to do is to specify the F function (20) defined mn the free propagator and expressed as eq.
(25). In the definition of path integrals for spinless particles one simply integrates at time-shced
intermediate points over dx"” and dp(’ ) with the measure given by the classical action, eq. (8). Now we
have also spin variables, z,, z;. We will integrate over these, but must account also for the spin indices
a, B,.... We shall obtain a procedure to adjust the spin indices at adjacent intermediate points and
thereby also obtain an interpretation for the matrix indices «, 8 of the quantum propagator K,g4(a, b).
It represents the propagator for fixed initial spin « at the initial point x° and fixed final spin B at the final
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pomnt x” Starting from x* with dz_ we take the action which takes us to the spin component o, then
starting with o at " we go to spin component vy, etc
(2) %P

i
1

o ag Y . . . {3

But we must add up the amplitudes over all intermediate o, y,  values, keeping a and S fixed This
much for free propagators At the interaction pomnts we further have to nsert, according to eq (21),
the nteraction terms L(x", x'’), which by (23) and (52) are

dk 1 ot ;
(2 ) i ez,7"z e ‘”)e nzme"” (53)

We now write this procedure explicitly in formulas Consider a section of free propagator between
two 1nteraction points,

L(x(t) (J))

2 x(ﬂ NE) L b
— t + —
-a =M —-(2)
z za 7 S/ e
P - - 4 /I

a _- m, - (2)° . b

z - z

a Zy Zs B

At each itermediate pomnt x/’ we have one dz\’ and one dz(ﬁj )

above This 1s the meaning of the propagator matrix element K.; We have thus, with eq (52)

© integration, the indices are as shown

n+l n+l dz_”)

Kupnto.0)= [ T2 T T 52 Taasy)
0Fn+1 7T

=1 (277) =1 =1
xexp{lp(’)(x(’)—x("”)—lz_fx]’)[(ml+ ep'’ 7),,5 (ﬁ” ll\z(i ) (54)

1

In the last step we have used the identity

1 -y 5 1 d g oy

31A(2z — 2z) = 31A P (zz) —1rzz (55)
The total denvative (d/d7)(zz) can always be absorbed into an overall normahization or measure of the
path integral, since it depends only on the end points [10] Classically (zz) 1s a constant of the motion 1f
equations of motion are used [9].

The x’ and p"’ integrations can be done as before, giving

d b_.a
(1 _ (2) _ _ ot p 1p(x?—x9)
= =.. = =p, —F ¢

Now one of the factors in the z, z integrations has the form
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dz (J)
I—f e 1A dz(ﬁ’) exp[ - 12(1)(1)“4“8 W _ (; "),
where A, = (I + (¢/i\)p - ¥),4, B,s- =1A8,,., and can be integrated first over dz, and then over dz,
as follows.
I=1Afdz(’) 3[1)\A (1) (1 1)]
1 ( B )
() ) _ (1 1)
fd A, a0\ A Zg

ap

1 1 ( £ ) ( g )
= = = —_—— . +_- +...
A, I+ (ehd)p-vyl, 4 TRARIW: ! A p

=(A7),4[1+O(eM)] (56)

We shall neglect terms of the order of ¢°, because in time-sliced path integration an action must be used
which is correct to order ¢
At the successive points we will similarly get the factors

(I——p 7)0p<—§p'7) (1——1’ Y)op »

hence matrix multiplications, when the amplitudes are summed over intermediate spin indices
p’ 0? 8’ *
-1 -1 -1 -1
(AA A A,
(n +1) times

Now we can evaluate the F function in eq. (20), then evaluate eq (25) and finally the free
propagator K,. Choosing

fim)y=mir, (57)
we have
llm (_i) dS e—l(m//\)SI:(I— i p . y>n+1:|
ne A iA o
(n+l)e=So

i [ e cmms o [dS  (smuscp vom
__ dee "”Se(s’“”=—1J—(e S v ))a3=( 1 ) ’
; ; A p-y—m/a

where we have used

n—ow
e—0

(n+1)e=S8

n+1 S )n+l (s
lim <1——p ‘y> llm<1—mp"yaﬁ —(e )ap
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Consequently, i eq (25), f( p) 1s now

fim==5p 7 (58)

and from (25) and (29)

1p Ax

dp e
Qm)''y p—-m’

F(p,Ar,Ax)=e? ¥ %77 K (Ax)= (58")

It remams now to perform the ordinary ntegrals at the interaction pomts Let 7", 7% be two such

points,

// AY
(; ) 1;(1) ' 1;(2) S
()] 7 (2)
z z)
£ z gz)

Now according to (21) and using (53) we have the following expression 1n the propagator

FM(,D“), T(I) _ TU, ) (2 ) (1) dZ_((rl) dZ;l) d,r(l) dT(2)
(1) 210 gtk ay dk () @ _ ~(2) §_(2)
YUp P " ( -T ) (2 ) dz‘y dzﬁ
—(2) (2) 1kx(2) JREI N (2) dP
X Zy YyyBZB 8[3(p7 - X ) (27T) (59)

The interacion now multiphes the change of the spin mdex by a factor z| y“z‘”, without the

interaction this factor would be one with the same dz'" dz 1ntegrat10ns All the general formulas
apply as before Since the interaction depends only on the z co -ordinates, zy*z, 1t 1s sufficient to look at
the intermediate z-integrations; the intermediate dx‘", dp‘"’ integrations are as 1n free propagators So
we have, for example,

dz“”
Fho=1A = Pz gk 2 exp{—1z U [(AT + epV y) 20—z, 60
ap 2 p ap?p on?y

which we write as the denvative of an exponential ntegral

-t 4
Y ),

p

Fop=

dz"
xf 2; u\dzf,l)exp{—lff,”[(u\l%- ep' y),, 2" =1z

app



A O Barut and I H Duru, Path integral formulatnon of quantum electrodynamycs 23

The 1ntegrals have been done m (56). Hence

—A d < & 1) ) 2
L - .
fa‘p YUp € d(p(l) . y)gp 1 1A p Y crp[1 + O(E )] H

which in the limit £—0 gives simply
o0 = Yop (60")

Compared to scalar electrodynamics the interaction vertex ( p(l) p ") is replaced by (y*- v, ); the
former by the way is the correct non-relativistic limit of the latter. Formulas (30) and (31) now become
explicitly, with the correct ordering of spin summations, and referring to figs. 1 and 2,

-,(a,b)= ” ]{f)f) de(l)dxm K,(p™, £V~ )

’11

dc1 € D @) DYy erke? @
“Eiag e K DYy, K (p, ¥ - 5 (61)
with the matrix
dp elpr
K({(p, = —_—, 62
0(p (277_)4 y_p__m ( )
and
N
K, _,(a,b)= H Ky f dx$? dxf K,y (x{V - x?)
1 1 dk D
X3 @ P ey, ¢ Ky(xy ~ x1")
a 1 X(l)
X Ko(x3" = x3)e,y" € Ko(x; — x3))
dp elp Ax
K (Ax) = . 63
o(Ax) Qn) v p-m (63)

With the help of (62) the intermediate x“ integration can now be performed in (61) and (62).
Introducing a function S(p) by

K (Ax) = f S(p)e? ", (64)

we obtain

_1(a b) HK(I)

4
m*
2

PS(P) s 2 8P~ RYS(p e, (65)

’u

(2) (2)

and, similarly,



24 A O Barut and [ H Duru, Path integral formulation of quantum electrodynamics

N
dp 1p X *l §—x (14 2 —1px¥
Kiwa0) = ITR | G enisto i g e 0 5 sty e
_dp,

*2n) Q2n) ¢"38(p, + k)y"S(p,) e " (66)

Note the three propagator functions that were introduced m (20), (29), (62) and (64), namely,
F(p,Ax, Ar), K(p, Ax), S(p), with their meaning ndicated by their arguments propagators for a
length Ax 1n a time A7 with momentum p, or for any subsets of these The remaining p integrals n (65)
and (66) say that if we ask for the propagation between fixed points x* and x°, the particles can still
have any momenta and we must integrate over all momenta

Finally, we pass to the scattering amplitude using eq. (E.6) of appendix E For (66), for example,
the scattering amplitude for two spin-3 particles in the Born approximation for fixed imtial and final
momenta 18

1 1 a — 1ptx wphxd
S(p\, P\, Py pz)=fdx1 dx; i,(p}) e My ph) e
X dx; dx; K, (x", xb)ul(l’;)elpl]x‘fuz(pl:) e (67)

Inserting K(a, b) from (66) we get four 8-functions from the four x integrations, three of which we use
to perform the dp,, dp2 and dk integrations, and we are left with one overall §-function We then

obtain p, = pl,pz pz,k P1 pl’and

S(pys Prs P P3) = €16, (p)S(P) Y, S(p)W(p))
(p,—p))

X 1, p3)S(p)y*S(ps)u( p3)(2m)*8(py — p\ + p) — p)

The free-particle propagator functions S(p) acting on u( p) reproduce back u(p), because of the
reproducing kernel property (E 7), hence we have finally

Lzl(pi)y“ul(pll)ﬂz(p;)'yuuz(p;)
(pi=p)

We remark that in explicitly evaluating the x-space form of K (Ax) from the Fourier expansion (64), if

needed (it 1s not needed in S-matrix calculations), one has to choose, as usual, m the p” integration a

contour which goes below the negative-energy pole at p,=—E=—(|p|°+m®)""*, and above the

positive-energy pole at p, = +E. This has the effect that positive-energy states propagate forward m

time, and negative-energy states backward 1n time and one obtains

S(Py, Ly P2s P3) = €6, (68)

K(x“ x)y=—18(t' - 1) f dp 2 v () () +18(e - 1) f dp 2 w9 ()

which can be accomplished by the +1¢ rule,

“1p(x?-x9)

K(x*, x")= hm dp €

PN (27T) Y p m+1g (69)
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3.3. Vacuum polarization and pair production

In order to discuss pair production and loop diagrams for vacuum polarization we must consider — at
least — three interacting particles. The basic processes of a single-pair production, single-pair annihila-
tion and one-loop vacuum polarization diagrams are shown in fig. 5 Figure Sa shows a lowest-order
mutual interaction term in three-body interaction, which can now be immediately written down
according to the procedure discussed in the previous sections Figures 5b, 5c and 5d show analytic
continuation of the third particle’s trajectory to pair production, pair annihilation and vacuum
polarization, respectively. In other words, the sign of the proper time 7 is changed appropnately for the
antiparticles, or equivalently, the sign of the four-momentum p, . Also in classical spinor particle theory
the change of sign of p, takes us to antiparticle solutions. We now discuss these steps explicitly.

The propagators for figs. 5b and 5¢ can be wntten out immediately because only the portion of the
propagator for particle 3 between x,, and xi", or between x4, and x37, respectively, has to be
continued analytically with p, - —p, .

For the loop diagram in fig. 5d we start from the full propagator of diagram a and then identify the
two end points x,, and x,, of the path of particle 3 and integrate over that end point, and identify and
sum over 1ts end point spin indices (for simphcity we take equal masses for all three particles),

K=2 (y° d3x3a) d4x3b 6&3[3364(x3a ~ X3)

a3.8y 7,

X (‘1/)03 J’ dSl dSz dS3 e_l(m/A)(Sl+SZ+S3)
0

S3

$1 Sz
xf@(l) P(2) 2(3) exp<1f dr, L?+iJ dr, Lg+1f dr, L‘3’>
0 0 0

x exp{i[W(1, 1) + W(1,2) + W(1, 3) + W(2,2) + W(2, 3) + W(3,3)]} . (70)

We expand the ¢'" terms as before, eq. (16). In this expansion there will be terms corresponding to an
isolated loop of particle 3, and loops coupled to one of the particles 1 and 2 (i.e. tadpole-type
diagrams). We shall discuss here only the term corresponding to fig. 5d.

Xp 1 3 3 1
X2p
R L Y (@ A
A A LG o X« 4D
@ A - . - - =—- L I3 °3 x(;)
1 g I XD 5@ Y1k k'
(0]
S x ————————
x1a 3 3 5 x1a xZa
3 2 -
V@ 1 2 LI N (d)

Fg 5
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The reason for the three-dimensional d’x,, integration mn eq. (70) 1s that there 1s a 8-function m the
propagator K (x, y). Wnting K; in the form

© L

d - —
Ko(x, }’) f S) dS=—-— f ds (2 P) enp(x ») en(S/A)(p y m),

and performing now the d*p mtegration first, we get

0

Kix )=+ [ dse™ ™%, —y, + (Sa)y,)
0
We then mtegrate over S with 8(x” — y° + (S/A)y"),
Ky(x, )= =19 ™00 50—y + (x, = y,)7y) (71)

This Green’s function 1s a reproducing kernel with the scalar product 1y, d’x [7, p 264], as 1t should be,
1e,

K5, )= | & K 20y Ko ) )
Indeed, with (71) we get
Ko(x, ) = [ 5 (-1y") e 50— x4 (x, ~ xp))
X (1y)(1y") €S Ve — y + (- yi)y'y)
= 1y eSO e — y 4 (1, ~ y0)¥“Y)
The relevant lowest-order expansion terms of ¢’ corresponding to fig. 5d give

K= 2 8, B2 fd X3p 8¢ )(x3a *x3b)17 &’ X34

a3B;

e’ ) dk dk’

x (-1/A f ds, ds, ds e T *Sz’( —~ —
s /) K k7

xf@(l)exp(1f dr, L >j dr) M (Tu) k)
0
3 S3

xf@(3) exp<1f dr, L degl)M(Tgl),k)j dry My(r5, — k')
0

S2

xf@(z) exp<1 fd’rz )fdr;“ M,V k),
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where the functions M, (r; k) were defined in eq. (14) and the four interaction times 7", 73", 7}, 7V

are shown i fig. 5d. With the methods already developed we obtain immediately after the trace
operation L, 5 8, . and 8-function integration
K=e* [ an,() dr (e dry () e (r4)
X Ky(x, 1)Ko, 1) D(”, x37)
[ 17 ) TeLR (58, 4 K 87, ) Ky, 22
x D", 2V Ko(x5, x5 Ko (x5, %3) -
Using Tr(ABC) = Tr(CAB) and using the property (71) we have finally
K=t [ @ axt? deg®® del [Ky o, 1)K (6, ¥IDY, 1)
X THKy(xs”, x5 ) Ko, 51D, 57 Ko, x57) Ko(x5”, 33) (73)
which 1s the standard expression for diagram fig. 5d.

3 4. External field problems

In this section we consider finally the interaction of particles in a given external field A;’" The
interaction action 18

W= [ 0 4500700 = - [ 47 S 62,0072, AT (1)

From our general theory it is now a simple matter to write down the propagator. At each interaction

pomt x{ the factor y* 1s now replaced by y"A‘;’“(xi’ )). To lowest order we get immediately for each

particle
K y(a, b) =i(1e) f dx® Ky (™ = x")y - A Ky(x” ~ 2V (74)

For a Coulomb field, for example, y+ A= yOAO = y°Ze/r. Now the dx" integration must be done with
the external field A’(x"). But we can pass to the S-matrix using (E.6) and (E.7) and obtain

S )= e | ax apy- AG (). 19)

with properly normalized u and w.

4. Conclusions

We have derived the rules of perturbative quantum electrodynamics and the ensuing Feynman
graphs directly from classical particle trajectories by the method of path integration. Field equations
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and field quantization have not been used explcitly For covariant results the corresponding particle
equations must also be covarant, 1 e 1 proper time In the case of spin-3 particles we have used a new
classical model of the Dirac particle which on the classical level exhibits spin, zitterbewegung and the
motion of antiparticles Pair production and vacuum polarization can therefore be treated as well Thus
we have a new and more direct and ntuitive approach to quantum field theory

Appendix A. Classical equations of motion
Our Lagrangian 1s always of the form

L = L + Lmt + Lfleld ° (A 1)

part

as given i eqs (1), (33) oreq (52) And we obtain correctly both the equations of particles and fields
For the spinor case the equations of motion are

x# = Z_‘)/#Z s p# = €Z_')/UZA1,H .
(A2)

z=1zy"p, . z=-1p, vz,
and the Maxwell equation

F*" =ezy*z (A 3)
From (A 2)

d .

a(pﬂ-eA“)=eF}wx (A4)

Our method was to ehmimate A, and therefore elimnate the term -1 [dx EF * 1n favour of
+3 [dxy , A" We remark agam that 1f this 1s done one can no longer use the reduced Lagrangian to
derive the equations of motion

Appendix B. Scalar limit of the classical spinor theory

The scalar imit of the spinor equation amounts to suppressing the internal co-ordmnates z, z We now
take the following limit 1n eq. (52).

Zy,z2—>(p, —eA, )iz, (B1)
which replaces the veloaity x, correctly by the kinetic momentum (or velocity) of the scalar particle,

and zz 18 a constant of the motion [(d/d7)(zz) = 0]
Furthermore, neglecting the free kinetic energy of the internal variables, we obtam
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Lopx*—p,(p*—eA")zz+eA (p* —eA")zz=p, x" - 1p’+ep, A — 1A%,

with zz = 1, which 1s precisely the action (33).

In this form of the Lagrangian the current 1s
JH=ex" =e(p* ~eAd"),
and the equations of motion

¥, ="

’ d v
p,=e€A, x" or Er(p“—eA#)=erx

v, i

Appendix C. Propagator for spinless relativistic particles
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(B.2)

(B.3)

(B.4)

For completeness we give the path integral evaluation of the propagator for a spinless relativistic

particle,

n+l dp(l) n ?
F=jH 4de(’)exp<1jdT(p-x—)\pz)),
=1 (2m) 5= ;

where A is a Lagrange multiplier, A = } if 7 1s the proper time. The exponent

+

n+l

E=1i [p(l) . (x(l) _ x(l"l)) _ )‘(p(l))2£] with A7 = £,

1

-~
]

1S

E= i(p(n+l)xb _ p(l)xa + x(l)(p(l) _ p(Z)) + x(Z)(p(Z) _p(S)) +eeet x(n)(p(n) _ p(n+1))
n+1

—xe 2 (p)
j=1

(C.1)

From the x’ mtegrations we get 8(p — p@), 8(p® - p®),...,8(p"™ — p“*"). Hence we can

perform n p-mtegrations, leaving p"*' = p. Hence

. dp 1p(xb —x2) e—l(s/Z)(n+1)p2

=] ey

But (n +1)e =1, — 7, so that

F(Ax, AT) = f (7(1:7 e 8% e—(l/z) Ar p? .

(C2)
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Now we integrate over all times Ar,

_ _ dP A
K:jd A (1/2ym? Ar—(1/2)p? Ar P A
( T)e (27’_)4

1p Ax

_ dp e

= - C3
(277')4 p2 +m’ (©3)

Appendix D. A lemma on time integrations

For each particle we encounter a series of time integrations,

of the form

5 (4

1= ase e fare [ art exp(-s ) - )

0 0 0
P
<
0

We can prove by direct computation that

3)

ar exp(-w P PN | et P P (D)

(_l)rﬁ i
1= D2
)+ Sl P ™) fom)]- Lp™ + fm)] (02
Appendix E. S-matrix from the propagator

Again for completeness we give here the formulas for the action of the propagator K(a, b) on the
states and for recovering the S-matrix elements or amplhitudes from K(a, b)
Let the imtial many-body state be

UL (x*) = (x*, aly’) (E 1)

where x°=(x{,x5, ,xy), @a=(a,,a,, ,a,) bemng the spin indices, then the final state 1s
obtained by

U6 =2 [0 Koyt (). (E2)
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which can be written in the bracket notation as
2 Bly') = 3 (2, Bl @) (¢, aly) (E2)
Thus a completeness relation is implied,
idx“ Ix%, a)(x", a|=1. (E3)

The S-matrix 1s defined by
$=(y'v"), (E.4)

which we can now expand as follows, using (E.3) twice,

Sﬁ =# <¢f|xb’ B)(xb’ lea, a><xa, all/f) dxa dxb

oB
=‘,Z,dex dx” (¥'|x", BY K, p(x", x")(x", aly') . (E.5)

If ') and |¢) are momentum and spin eigenstates ( p, s), for example, then
S(p's's pls)=2 dex" dx” (p', s'|x’, B) K4 (x", )& alp',s') . (E.6)
ap

Here K(x% x") 1s the amplitude with only the end points in space-time fixed, all other quantum
numbers are free; the imtial and final wave functions then select the desired quantum numbers. But in
the S-matrix we are not interested in the end points x° x°, over which we then integrate.

In eq. (E.2), if we take the connected parts of the propagator K and require that ¢' = /', we can
regard this equation as an integral equation for the stationary or bound state . This is then essentially
the Bethe—Salpeter “equation”; K then 1s a reproducing kernel. For free stationary particles K 1s
already the reproducing kernel and (E.6) reduces to

Sy(p' s pls)=8(p' - p')ﬁffS(p)apui; =8(p'—p")By - (E.7)
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