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A fully covariant two-body equation is applied to the theory of hydrogen, muonium, and
positronium spectra. Both particles are treated fully relativistically and complete spin algebras for
both particles are taken into account. The major part of the 16 X 16 wave equation is exactly
soluble including recoil of both particles to all orders. The terms of order «”, a® are treated
perturbatively (although the equation is in principle numerically solvable to all orders). Self-energy
(loop) effects are partly considered by an (effective) anomalous magnetic moment, but in a
dynamical way using a Pauli coupling from the beginning. The theory simplifies and improves the
bound-state QED problems in a number of ways.

1. Introduction

Relativistic dynamics of two (or more) interacting fermions is the basic
problem of the tests of quantum electrodymanics in low energy bound state
problems (hydrogen, muonium, positronium-fine and hyperfine structures and
spectra) as well as for composite models of hadrons and leptons. The QED
bound state theory is a very old but fundamental problem and has been
reviewed periodically many times'?).

Although the Bethe-Salpeter formalism®) provides an approach to the
bound-state problems from first principles of field theory, it has been recog-
nized quite early by Salpeter*) and by many other authors later, that one needs
an appropriate 3-dimensional exactly soluble wave equation as a starting point.
This equation is generally a one-body equation of the Schrodinger—Coulomb
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type with relativistic kinematics, or more recently of the Dirac—Coulomb type
which takes into account some aspects of the behavior of the second particle’).
The recoil and radiative corrections are then performed at various stages, and
spin magnetic moment structure of the particles are introduced gradually.

As the accuracy of the tests of QED in bound state problems is steadily
improving, the relativistic treatment of recoil and other radiative processes
become very crucial even for these low energy processes. There are at the
present time still important differences between theory and experiment in
many of such tests®).

In the present work we have studied a genuinely 2-body, 16-component
spinor equation obtained from the Maxwell-Dirac Lagrangian which treats
fully the spin and recoil properties of both of the particles. We have introduced
the anomalous magnetic moment in a dynamic way, in the Lagrangian instead
of adding it simply as a correction to the normal magnetic moment in the
nonrelativistic approximation. The major part of the interaction in the 2-body
Hamiltonian is exactly soluble, thus taking into account the recoil corrections
to all order. The remaining spin—orbit, spin—spin and anomalous magnetic
moment interactions, although in principle soluble also to all orders (for
example numerically), are treated here, in order to compare it with the other
work, as a perturbation to the exactly soluble part.

We show that we obtain agreement with QED up to order a’ for hydrogen
and muonium spectra. At order a” there is in principle a small difference with
the currently quoted results which become rather important in the case of
positronium.

In the case of positronium, the advantages of the fully relativistic treatment
shows itself clearly by the fact that / is not a good quantum number. There is a
mixing of the j=/=*1 levels at the o -order in the anomalous magnetic
moment terms.

But we must await the inclusion of all other radiative terms of order «” for
positronium in order to be able to make a fuller comparision with experiments.

2. Review of the basic equations

The starting point is the coupled Maxwell-Dirac action for two fermion
fields ¢,(x) and ¢,(x) interacting via the electromagnetic field A,

2
— D, . ~ ()
W= Zl fd4x {4,(v" 10, —m)d — ey A,
=

- (i), ,
- aldjlo-# l’/ij).l.V - %F’LUF” } ’ (1)



BOUND-STATE QUANTUM ELECTRODYNAMICS 1 469

where we have also introduced a Pauli-coupling representing the anomalous
magnetic moments. From this action we obtain a relativistic 2-body wave
equation in the following way’**). We define a 16-component composite field

D(xy, x,) = ¢ (x)(x,) ,

eliminate in (1) A, and F,, using the equations of motion and rewrite W in
terms of @ and . The (new) variational principle of W with respect to @ then
gives the following equation:

(1)0

1
(Y*ia, —m)®5 + 5 ®(Fia, —m)+ V1o, v) =0, ()
where V is a relativistic potential which we shall specify below. Eq. (2) can be
written in a fully covariant way but we took a space like surface with normal
¥ = (1000). For massless exchanged particles, like in electrodynamics, V is a
function of r = |x, — x,| only. Then the spinor equation (2) is exactly separable
into center-of-mass and relative variables;

@)y a )0 @), @y

" M Do gy D
{[av @y +(1-a)y ® y*|P, (7 ® vy ® v“)p,

® @ )0

b Im2]+V}<D(R r,)=0, 3)
where r, =x,, —x,, and R, =ax,, + (1 - a)x,,(e.g. a=m,/(m, + m,)). We
see that actually the p,-dependence drops out, hence @ is a one-time equation
and depends only on the 3-vector relative coordinate r: @ = ®(R,,, r).

The vector n* comes in necessarily via the normalization of the Dirac wave
function on a space-like surface with normal n and via the directional &-
function in the Green’s function D(x — y).

We shall write in the tensor product ® of spinors always partlcle 1 first and
particle 2 second then we can omit the superscripts 1 and 2.

The mass operator P, for our system is

Pp=M=(,®[-IQa,) p+(B,QIm +IXB,m,)+ BVB,. (4)

The 16-component equation (4) can be fully separated into radial and
angular parts’) for potentials coming from the minimal and Pauli-couplings in
eq. (1),

(1) 2 1
Velectric = ele2 ,ylL ® 'Y“ ;:

and
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magnetic

.
. a><
V. = —2e,a,|iy’ ]
- r

[ a-r o
+2a,e,|i — @y +
r

r®y]

3o-rQo-r 3a-rQa-r o,-0, a-a
—4a,a, 5 - 3 - 57—+ 3
r r v r

8 4
+ ?77 o, o, d(r) — ?ﬂ' a - aZS(r)] .

We then obtain 16 radial equations which separate into two groups of eight”).
The purpose of the present work is to study and solve these radial equations.

3. The first set of eight coupled equations

The first set of the 8 radial equations that follow from eq. (4) are”)

4 2Vi(j+1 A
(E + 2_a —a ¢ )rz +Amry, —20,(ru,) + Vi +1) ruy, — =1, =0,
r r r F
(Sa)
2a
E - rzg, +Amry,, — rz rv, =0, (5b)
2 4a,a,
<E Ta_ 4.4 )ru2+Mrv2+28(r21) 2ry1:0, (5¢)
r
2Vi(j+1 A
Erv, + Mru, — ——L(i—)ryoo - —rz;=0, (5d)
r
Ery, +Amrz, — 12 ru, =0, (5¢)
r
2 8 2Vij(j+1 3A
(E + _a a1a2>m0 + Mrv, + ](i ) z,+ —5 1y, =0, (5f)
r r
4o d 1 2Vi(G 1
(E + )ryo0 +Amrzy, + 2(d )(rvo) - ——](£—-Z
3A
X rv, + —5 ruyg =0, (5g)
r
d
Ervy+ Mru, — 2 i (yo(,) ~2 rzy, =0, (5h)

Here a = —e,e, is the minimal electromagnetic coupling coefficient (c = A =
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1); The coefficients

A=ea,+tea,,

TT €8, T 64y, (6)

measure the spin—orbit coupling due to anomalous magnetic moment, and a,a,
is the corresponding spin-spin coupling where a is measured in units of e/2m.
Total angular momentum is denoted by j, and

M=m +m,, Am=m, —m,. )

The indices on the wave functions components z,, ¥,, ¥4, 4,5, - - - €tc. denote
spin components ($=1; §,=1,0,—-1 and $=0,S5,=0).... Four of these 8
equations are algebraic.

We eliminate the functions rug, rv,, ry, and rz,, using the four algebraic
equations (5b,d,e and f) and obtain the following set of four first order
differential equations:

2MV(j+1)

Vi(ru,) +20,rz, + % Voo =0, (8a)
2M\/](]+1 2)\\/](]+1
Vorz, =29 _ru, — Vg — + = 1ry,=0,
rv r E V5
(8b)
- 2MVj(j+1) 2)\\/](]+1
V3ry00+26+rvo+T—r2 (E V)rzl—-O
(8c)
- 2MVj(j+1
Virvg —20_ryg, — —](]—)rz1 =0. (8d)

rVs

Here we have used the following abbreviations:

Vi=E+ —-— ——5"~-— (%)

2 Am®  4j(j+1)/r*  daja, A?
=E+~—— - -
VA(N=E+="-—F V. T T B (90

4a Am®  4j(j+1)  9A°
E—2alr Er? r'vy’

(%)
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M2 TZ

V(in=E—- —— - 4—F——

() Ve rNE-2alr)’ (9d)

2a¢  8aa

Vin=E+=—+—52, (%)
r 4

for potentials, and for derivatives we have set
AM+ 1A
0.=0,2 (10a)
2Er
- 1_ <3AM/2r2 T Am/2r2>
6i—8rir+ V. F—2air) (10b)

In the nest step we eliminate (ry,,) and (rz,) between egs. (8a, b, c and d).
The result finally is the following set of two coupled second order equations:

{V1V6+[Vsa Y_3+2)\Mj(j+1)<_1_+ 3)]3

av, " Lv,% v, Er'v, \E V;
2AM(j + 1)V, 1 (1 3) M(j+1) }
- R A AV LIS A 14
EV’; +r4V6 E VS E~2r2‘/3 2 (ruz)

__ Vv, v, 2AMj(j+l)<1 3)
+ MVj(j+ 1) 2 4 — 4 =
M ](] 1){‘/3 a+ Vﬁrvs Er5V3V5 E ‘/5

V, 2MV, 1 ( 1 3 )] . }
- —+ 2|3 =0
|:rEV3 + M‘/3 a+ V6r3 E V5 + (rv()) bl (11)

V.,V V. . V i(j+ B
{ 46+|:—66 __2+2_A_M<l+ 3>]a+

4V, v, Vs A E VS
2AMj(j+ )V, . 1 (1 3) MZj(j+1) }
_ E -+ = - —="V
v, - V6VSr4 E. V. r2V2V§ 5 ((rvg)

_ A 2AMj(j+1)<1 3>
— — —_— _+_
M”(’H){ BV, W, TErvy, \E 'V,

_|_|: V3 +g}_£é __l_<l+_3_>]a }( )—-—0
vy, MV, Py \E T V10 VR T

where we have introduced a further abbreviation V,

4N+ 1)1 3
VGEV2V3_—]%—)<_E—+V;> ) (12)

Two limiting cases of egs. (11) are exactly soluble and have been treated
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elsewhere'®). One is the free particle limit, the other case is when we keep the
potentials up to order «” in a power series expansion. The exactly soluble part
of egs. (11) are

R

4 E E 2E r
2Vij(j +1)
- 2 rvO(r)_Oa
r (13)
1( M2)< Am2> a( M2+Am2> (j+1)+2-a’ 2]
—\E—-— - —|E- - +
[4 E I E 5 + E E e a: |(rvy)
2Vij(j +1) _
- ru(n=0,
r

The spectrum and the solutions of (13), upon which we shall treat the
remaining term as perturbations, are'’)

pu(p)= A R, (p)+ AR, (p),

(14)
[ ] Ij+1
va(p)z_ ]+]. AORn,I,(p)_*_ ] A2Rn,1+(p)?
and
2 2 2 2 2 -1/2
E2=M +Am iM —Am[ o ] (15)
* 2 2 (n,+1)° ’
where
LI +D+a’=j(j-1),
LU, +D)+a’=(j+1)j+2),
(16)
R, ,=e " F(—n+1+1,2+2; p),
_ (MZ _ E2)(E2 _ AmZ) 1/2
pP= E2 r.
The remaining terms in eqgs. (11) are, to order o’
_[[2a _ 8j(j+1)]/( B Amz)} _aa, M’ - Am’
AHII - {[ r2 Er3 E E ar r3 E
AM+1Am
t (17a)

3 3
Er
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(-2, 8ULD)
AH,=Vj(j+1) %ELMJ“%%"} rE—AmZ)/E;
%%+g)gr_¥ ’ (17b)
2 E-M 1 <‘4a/’2+%A;2+8j(2;1))
AH, =Vj(j+ 1) 2 M - E—-Am’/E
2AM (17¢)

k]

B

2a< Am2> 8j(j+1)
—_— 2,~ 5 —

2

r E Er’ < 1 3AM — 7 Am
AH,, = a9, + —) +2 s
2 E - AmYE ’ Er’
N 2a,a, M*—Am” M’ 17d
r3 E E2 M ( )

Here all the E’s refer to the unperturbed spectrum given in eq. (14). There are
two methods of calculating the expectation values of AH,. One way is to
calculate them directly between the basis states (15). The second way is to
transform AH into a new basis of wave functions R, , and R, , . In this basis
the unperturbed, exactly soluble part of the Hamiltonian is diagonal, so that
the expectation values of the transformed AH can be calculated in diagonal

form.
The transformation between the states with angular momentum /, and the

states pu, and puv, is given by

(o) =s(oum).

where § is the following matrix:

B cos 6 sin0>
S_<‘sin6 cos 6 (19)

and sin 6 and cos § are given by

[ R
sin 6 = 51 cos 8 TES (20)
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Then the transformed Hamiltonian is
H=SHS™'. (21)

The transformed perturbations are obtained from the expressions given in egs.
(17a—d) by the transformation (21). The result is

. 4j(j+1) E—-M 1 [ .
= — +
AI-Ill 2]+1 Mr2 + Er3 4(1(] 1)

JAM + 7 Am) +2(j + 1)(3AM — 7 Am) 4/\Mj(j+1)]
+ . + ;
2j+1 2j+1

20(j+2)  4j(j+1)(2j+5)
(E—-Am%E)’  (E*—AmHr'

(M? = Am?)(j +2)
Mri2j +1)

+a,a, (22)

. — 2 (E-M) 4aj 2a (3—AmYE?)
AH,=Vj{j+1 [———+—+—————————a
12 ¢ ) 2 E Er  Ef 1-AmYE: "

16j(j+ 1) AM —7Am

- . 2.3 32 0t 3
2j+1)YEr'(1-Am’/E") Er

3a,a,
Er’(2j +1)

(M* - Amz)] , (23)

AHZI =AH,,, (24)

_4j(j+1) E-M _q_[_ .
2%+1 M2 TEALTM
(j+1)(AM+TAm)+2j(3/\M—'rAm)—4)\j(j+1)M]
+ "
2j+1)
_ 2a(j-1) 4j(j + D(2j-3)
3 2 2 + 2.4 2 2
Er(1—-Am%E*)  E**(1— AmYE?)
a,a,(M* = Am*)(j — 1)
MrP(2j +1)

AH, =

(25)

It is seen easily that AH,, can be obtained from AH,, by the following
substitution:

J==0(+D. (26)
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The matrix elements of AH,, and AH,, between the states R, , and R, are

(n, |AH  |n, 1) =fdrR* (r)AH,R, , (1), (27)

n.d,

0

(n, 1 |AH, |n0,)y=(nd |AH |n, [ )*. (28)

These can be calculated easily and the result is zero''). The expectation value
of AH,, between the states |n, [, ) is

. 4+ 1) E()—M<1> <1>
<AHll>n.1F_ 2]+1 M r2 n,l, + r3 n,l,Aj

. 2a(j+2) <l> _4j(j+1)(2j+5)<l>
(E, — AmIEy) \r'/ni (E} — Am?) rtlna,

a,a,(M’ - Am®)(j+2) <_1i> ’ (29)
(2] + 1)M y /nt,
where
A =4a(j+ 1)+ {jJ(AM +7Am) +2(j + 1)(3AM — 7 Am)
+4j(j+ DAMY/(2j+1).
We can use the expectation values of »™, 7 and r * given by'?)
2 Z2
“2y ) 30
<r >n‘l n3(1+ %) ( )
Z}
Y e 31
= S DA i G
1 _4 2
_ 52°(3n" — 11+ 1))
<r 4>n,l: 5 23 1 - (32)
AU DU+ DI+ DI 1)
Here [ is given by eq. (16) [it is not an integer| and
o 2 2 2\ =~ & 2 2 2
= X — = - + . 33
z 4E(2E (M + Am")) 4M(M Am7)+ O0(a”) (33)

We take also the zeroth order terms of the expression defining /, namely

[,=10=(j+1)+0(a?). (34)
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Then using eqgs. (30)—(34), we calculate eq. (29). The result is
2a'(M? — Am’YIM? o} (M — Am?) M
nj+l T T3 3, -;+33-1-§
A+ +32)  An(+)(+2)
4j+3)AM  7Am )
(1 2(j+Da 2+ e
a,a,a’(M* — Am*)IM*
PRI+DG+DG+3)

(AH,,)

(35)

In the same way, we calculate the expectation value (AI—~122>,,, j-1 Which gives

22' (M- AmPYIME or(M - Am) M

<AI:122> =

ne ) e’ D0+ 1)
(s
2ja

a,a,(M* — Am*Y'aIM*
2800~ ) +32)

(36)

It is shown in appendix A, how to obtain the energy shifts of states |n, j + 1)
and |n, j— 1) from (AH,,), ., and (AH,,), ., respectively. Using these
procedures we obtain the following perturbative shifts to E*:

2 (M*— Am*) o' (M? - Am*)YM?

8E31:_23. -, 3% 42 3. .. I~r: . 3
An(j+D(j+3) 4+ +3)
><<1+ (4j+3))\M—TAm)_ a,a,(M* — Am*)’a’/M?
2(j + Da 240G+ DG+ +3)°
(37)
SEL = 22 (M? - Am”) N a'(M? — Am*)IM? (1 L@ DAM + TAm>
SR VA ST AR TR 2ja

_aya,a’(M? - Am®)IM?
2-80°(j - DG+ 1)

(38)

Egs. (15) and (37) give the expression of E” for the |n, [, =j + 1) state and
(15) and (38) give E* for |n,[_~j—1) state.
Next we pass to AE by

| S
=FE,+
E=E, ZEOSE +..., (39)
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or

1
SE 4 .= 5B+ 0(a®),

AE =
2E, Y]

(40)

so that the final energy shifts are given by egs. (37) and (38) divided by 1/2M.

4. The second set of eight equations

The second set of the 8 radial equations is

2 4 2Vj(j+1
<E+—a —a&>u + Mrv, +2—( ,) = _.](]7),20_;
r r r r-
2 4a,a,
(E—i——a aa>r22+Amry7—2d (ru,) — Azrvlzo,

4o d 1 2Vi(j+1) 37
(E + T)rvo0 + Mruy, —2<a + ;)(ryo) + I ry, + —r—,_~

d
Ery, +Am ”Zo+2< )( Mgg) — 2 moo 0,

2Vij(j+1
Ery,+Amrz, + ———](: ) FUgg — -2 ru, =0,
r

A
Erv, + Mru, — 5 rz, =0,
¥

' 2 A
(E - T)ru(m + Mrvg, — 7 ry, =0,

2 8a,a Vi(j+1 3
<E+Ta 2) rz,+Amry, — ](—il ru, + —Z rvg, = 0.
r r

rz, =0,

(41c)
(41d)

(41e)

(41f)

(41g)

(41h)

We solve (rv,) from (41f) and substitute it into (41a,b) then solve (ruy,)
from (41g) and insert it to (41c, d). We have two more algebraic equations.
Next we solve (ry,) and (rz,) from (41b and e) and (ry,) and (rz,) from (41d
and h). By inserting these into (41a and b) we have again two coupled second

order equations:

1
— V — — =
) Vg =) 4Er4 r- V”

_ 1 TV,
+AmVij(j+1) {VBV(+) Erv, + 2Am8Er3

1 V.o i(ji+1) V.(1+AmV,
{ZV7VX+V8V Ve ) o m 9)}ru1
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Ve < 37V, )}

-3 - = 42
Vs Vo 2Am vy, "o =0, (42a)

{1 ViVie , Yo o Vi Az
4 Vi Vi e Yy o 4"4V11
200 A’ >

i(j+ + = - =
j+ e+ 2 -2 }

- rv

V8V11r2 00
V. 1 37V,
+A \/"+1{—9V o
mVj(j ) vV, (+) WV, 2Amr3V%1
2_01_ 2 4)
v, AM T<E + ; AEr

- 4, — 5 — 5 ru, =0, (42b)

ErVevy, 2Er 2Amr
where
3rA
V(I):a,r<l— M 3T m). (43)
ro 2r'(E-2alr) 2rV,

and the following abbreviations have been used:

VisEr T
2 4aa, A* Am’
=F+ =+ - _
V8 E Er4 E >
2a 8aja A?
I — - y
° r r r*(E —2alr) " (44)
4o M?
e s P
V,1:E+2—a—8a13a2.
r r

The free particle solutions of these equations are’'’)

pu(p)= Apj(p), puy(p)= Bpj(p). (45)
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Acgain taking the potentials up to «°, we have the main part of the equations
g g p p p q

1< 2a M2>< 2a Am2> , j(j+ 1)
1 E+ . I3 E+ . 7o)t 7
Am

e )
d E AM+71A
+ ¥ ! a,+ 1; m —a‘af (MZ—AmZ) (ru,)
2 Am® Er Er
(E r )

3 [(rv40) = 0. (46a)

1 Am®  Am’ 2a  Am’4a’ da M? M? 2«
4 E E- r E’r

M’ 4o’ NGRS
- f 2> +ad, — 3 (rvgg)
r

d( 2a Am2>
1+

TR ] I —— rE 2L 2TE ) =o0.
]] E PR A 3
(1+2—“> <1+2—a—ﬂ> "

Er/ """ EE (46b)

The exactly soluble part of these equations are, in this case, the following two
uncoupled equations:

1( _M2)< Am2> a( M2+Am2>
[4 E E E E +r E 2E

A A COE (472)

i(j+1)—a’s
- ue 32 £t af]("”(m) =0. (47b)

Note the appearance of the factor 8, in the second equation by

Am?’ —M? M AW
ST TTTE (48)

dp
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The solutions of (47a and b) can be written down immediately in terms of the
hydrogenic wave functions

pu(p)=Ae "’p"" F(-n+1+1,21+2, p), (49a)
puoo(p)=Be " *p" Fi(-n+1+1,21+2,p). (49b)

The spectrum is given by

EZ

2 2 2 2 2 -1/2
:M +Am iM Am (1+ a 2) ‘ (50)
2 2 (n,+1)

For eq. (47a) the angular momentum [ is given by
I+ =j(j+1)—a’, (51)
but for (47b) we have

(+1D)=j(j+1)—a’s, . (52)

We see from eq. (48) that 6, = +1 for E=Am, and 8, =—1 for E=M.
Hence for the same physical /-values as in eq. (51) (that is for 8, = +1) the
solutions of eq. (47b) lic near the “negative” continuum, thus belong to the
(—) sign in eq. (50). Since these values are unphysical energies, the solutions
must be correctly interpreted. This can be done if we change the sign of the
mass of one of the constituents, say, m,— —m,. This means a change of
Am < M, which brings the spectrum back near the “positive”” continuum at
E?=(m, + m,)" The remaining terms of equations (47a), (47b) are invariant
under Am < M.

The difficulties with the Mgller (and Breit) potential of the form (1—
a, - a,)/r have been continuously discussed in the last thirty years by many
authors. In the light of the above results, an answer to this problem is to
consider from the beginning two equations of the type (4), one as it stands and
the other with one of the masses of opposite sign, say m,— —m,, and to take
only the positive or physical solutions from both sets.

This procedure is in fact used in the one-particle Dirac-Coulomb problem:
When the first order equations are reduced to second order equations, one
component of the wave function gives the correct physical spectrum, the other
does not. However, the change m— —m maps the second equation into first,
hence the second spectrum can be mapped again into the physical spectrum. In
this case the + signs in front of the Dirac spectrum E = £m[1 + a*/n*]""'* are
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trivially adjusted. In our two-body case, the * signs occur in the middle, see
eq. (50), hence the adjustment is more crucial. The change of the sign of the
mass in the Dirac equation has been called “mass conjugation” and is another
way of treating the negative energy solutions or the antiparticles in the first
quantized Dirac theory'’).

The perturbations are given by

d<+_2£_Am2>
Er E*/ d AM+tAm aa,

aH, =Y + (M* — Am?)
= — — — m s
“ < 20 AmPy Er’ Er’
R )
(53a)
o i( 2a Amz)
AmVij(j+1 dr Er E’ 27 E
AH,, = ’é’ ) + (53b)
<1+ 2a A_mz> Amr
r E E2
[ 4y 2 A
AmVi(j+1 dr E E? 27E
AH, = = ]é] ) ’ + = 3| > (53c)
(10 20)(1, 2 amy A7
|\ E Er E°
AH,,=0. (53d)

In appendix B we discuss the relation between the expectation values of
these 2 X 2 matrices and the expectation values of the diagonal system. This
relation is

<AH>n‘I = % [{(AH, ), + <AH22>n,l]

+ [(<AHll>n.1 + <AH22>n,l)2

1/2
4 + <AH12>n,I<AH21>n.I] ’

(54)
Up to order «” the perturbations are simply
AH,,=0,
AH,, = AH, = YU Am (% + 15) : (55)
r E \E-Am7/E Am
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2a d
CEFPdr AM 41 Am  a,a
AH, = + _ 2 2
11 _ Am /Eh Er3 (M ) >

and we obtain the energy shifts

4 2 2
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BE> = — ——5— ; 56
T &G+ (6)
where
2
A(t]»):1+ AM+7Am <l— Am2 )__ a1azz (Mz_Amz)z
2a M 2M o
2
AM+ TAm ( ) a,a, 2 2 z)
— M —Am
+ [(1 2 2M2a ( )
m M( Am2>)2:|1/2
+4j(j+ 1)< u - 1 e . (57)
or
AY>=2(1+ ;—M e MZ)
a 2a for Am =0 .
AV =0
Inserting the values of A and 7 and with
A — 1 & gZ
=ea,+tea = 5 ee, " + )
1 2
) (58)
T=ea,— e,d, = 3 e e2<%;— 511 ),
1
we have
Al.,=AxVA’+B,
2
A=1+ W(mfg2+m§glﬂm1m2g1gz)’ (59)

4+ 1)

B= M2 (m, _mz+2(m1gz'_ng1))2 .

which gives for the energy shift
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4
mm,

«
, - 4
m +mz> 8n’j(j+ )i+ 1)

AE, =— ( . (60)

For positronium (Am = 0), the results are

Zmea4(1 +g—g2)

AE, = — — : :
16n’i(j+ (i +1)

(60a)
AE_=0.

The applications of the recoil energies (15) and the spin perturbations (37)-
(39) for the /=j =1 levels, and (56)-(57) for [ =j levels, together with the
Lamb-shift and annihilation corrections are given explicitly in a separate part
11'*) of this paper for hydrogen, muonium and positronium.
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Appendix A

Calculation of perturbations for energy-dependent squared hamiltonians

We have two problems. The first one is the calculation of SE’ from AH(E).
The second is the calculation of (AH ) when AH is not a diagonal matrix. Note
that here AH is not energy, but energy squared (E*). We shall write the
counterpart of the equation (H — E)|¢) =0 from now on as H(E)|y) =0.
Suppose H(E) has two parts

H=H"(E*)+ AAH(E?), (A.1)
where H'(E”) is exactly soluble
]
H(ED ) =0. (A.2)

In the equation

(HO(E*Y + AAH(E?)|¢) =0. (A.3)
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we expand as usual
(1]
) =[w) + Al3y) . (A.4)
Hence eq. (A.3) gives, using (A.2) to lowest order in A:
010, 2410 o 24 ¢ @)y 2519 0 (0, 2
(YHE?)|W) + (YAHE|Y) + (dy|H(E)|Y) + (W H(E7)|d¢)
=0. (A.5)
E*=E.+ A3E”. (A.6)
we get
0 0
(W HO(E® + ABE™)| o) + A(WAH(E® + ASE”) sy )

+ A{SyY|H'O(E? + A8E2)|3,> + A{ :OMH(O)(EZ +ASEDBY) =0, (A7)

or

(UHO(EL + A8E?) + AMH(EZ)|dy) + A(80| H(E2)| gy

Q
+ A Y HOED3Y) =0. (A.8)

From (A.2)

(3u|HOEZ)| ) =0 (A.9)
Hence

0 () 2 5 4] 0 2 0

WH'(E+3E™)|Y) + A(WAH(EQ|y) =0. (A.10)

In our case

1 (Eg—Am*)(M* - Ep)

<H(0)(E<2)>0= 4 Eé

. o’ QE;- M- Am’y
4n’ 4E}

-0, (A.11)

so that
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1 M? — Am’
(H(E, + ABE”)), = 3 WOE e n. (A.12)

Inserting this into (A.10) we have

1 , M’ — Am’

7 MOE IR (AH(E})), =0, (A.13)
so finally
) 4M?
ABE" = — m <AH(E(2,)>(, (A.14)

Appendix B
Matrix perturbation theory

Consider a matrix differential eigenvalue problem

(e o )(5)=0. 1)

It can be converted into an algebraic eigenvalue equation by expanding  and x
into a set of eigenfunctions

¢ =2 CR,(1). x=2D,R,(). (B.2)

Inserting these into (B.1) and taking the scalar products we get a set of
algebraic equations in terms of expectation values

() Gy or)=o. ©)

Eq. (B.3) has nontrivial solutions only if the determinant is zero,
(Hy),(Hy), = (H,),(Hy),=0. (B.4)

Again if H consists of two parts, an exactly soluble part H’ and a perturbation
part AH. In our case

[apy e Gl s o) =0. B3
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Inserting (B.5) into (B.4) we have

(H), + 3 ((AH,;), + (AH,,),) £ [§ ((AH,,) + (AH),))
+(AH,){AH,,)]'? =0,

or
(H) +(AH) =0, (B.6)
hence
(AH) =3 ((AH,,) + {(AH,)) =[5 ((AH,,) + (AH,,) )’
+(AH,)(AH,)]'"?. (B.7)
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